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INTRODUCTION

sine-Gordon (1 + 1)

LSG = 1
2 (∂µφ) (∂µφ) + α0

β2 [cos (βφ)− 1] (1)

let α0 = m2 and β =
√
λ

m . then,

LSG = 1
2 (∂µφ) (∂µφ) + m4

λ

[
cos
((√

λ

m

)
φ

)
− 1
]

(2)

let’s rescale the parameters as x = mx , t = mt and φ =
(√

λ
m

)
φ.

LSG =m4

λ

[
1
2 (∂µφ) (∂µφ) + [cos (φ)− 1]

]
(3)

then the EoM is

�φ ≡ ∂2φ

∂t2 −
∂2φ

∂x2 = sinφ (4)
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INTRODUCTION

zero-mode problem of light-front quantization

Hamiltonian density in IFD,

H = 1
2π(x)2 + 1

2

(
∂φ

∂x

)2
+ α0
β2 [1− cos (βφ)] (5)

Hamiltonian density in IFD,

P+ = α0
β2 [1− cos (βφ)] (6)

Hamiltonian density in Interpolation,

P+̂ = C
2 (∂+̂φ)2 + C

2 (∂−̂φ)2 + α0
β2 [1− cos (βφ)] (7)

Hariprashad Ravikumar December 18, 2020 4 / 29



INTRODUCTION

Interpolation
let sin2δ = S and cos2δ = C,

(ds)2 = gµνdxµdxν

= g+̂+̂dx +̂dx +̂ + g+̂−̂dx +̂dx −̂ + g−̂+̂dx −̂dx +̂ + g−̂−̂dx −̂dx −̂

=⇒ gµν =
(
C S
S −C

)
= gµν (8)
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Free Hamiltonian in Interpolation form

Free Hamiltonian in Interpolation form

LSG = 1
2
[
C(∂+̂φ)2 + 2S∂+̂φ∂−̂φ− C(∂−̂φ)2]+ α0

β2 cos βφ+ γ0 (9)

φ(x) = 1√
2π

∫ +∞

−∞
θ̂(k−̂)

dk−̂√
2k+̂

[
a(k−̂,m)e−ikx + a†(k−̂,m)e ikx] , (10)

π(x) = ∂+̂φ = −i 1√
2π

∫ +∞

−∞
θ̂(k−̂)

dk−̂√
2k+̂

k+̂
[
a(k−̂,m)e−ikx − a†(k−̂,m)e ikx] ,

(11)

∂−̂φ = −i 1√
2π

∫ +∞

−∞
θ̂(k−̂)

dk−̂√
2k+̂

k−̂
[
a(k−̂,m)e−ikx − a†(k−̂,m)e ikx] , (12)

then the free Hamiltonian density is,

P+̂0 = C
2 (∂+̂φ)2 + C

2 (∂−̂φ)2 (13)
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Free Hamiltonian in Interpolation form

Free Hamiltonian in Interpolation form

P+̂0 =Nm[P+̂0] + 1
4π

∫ +∞

−∞

dk−̂
2k+̂

(
Ck2

+̂ + Ck2
−̂

)
(14)

then,

E0(m) = 1
8π

∫ +∞

−∞

dk−̂
k+̂

(
Ck2

+̂ + Ck2
−̂

)
(15)

from Hornbostel(1992), we have k+̂ = ωk−Sk−̂
C , where ωk ≡

√
k2
−̂ + Cm2.

so, k+̂ = g +̂+̂k+̂ + g +̂−̂k−̂ = Ck+̂ +Sk−̂ = ωk −Sk−̂+Sk−̂ = ωk ≡
√

k2
−̂ + Cm2.

then,

E0(m) = 1
8π

∫ +∞

−∞
dk−̂

C
(
− S

Ck−̂ ±
√

k2
−̂

+Cm2

C

)2

+ Ck2
−̂√

k2
−̂ + Cm2

(16)
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Free Hamiltonian in Interpolation form

lim
S→1

E0(m) = 1
8π

[
Λ

2C
√

Λ2 + 4Cm2 −m2
(

Λ√
Λ2 + 4Cm2

)
+

+ m2

2 log
(√

Λ2 + 4Cm2 + Λ√
Λ2 + 4Cm2 − Λ

)

+ CΛ
4
√

Λ2 + 4Cm2 − C2m2
(

Λ√
Λ2 + 4Cm2

)]
(17)

when limC→0, the CΛ
4
√

Λ2 + 4Cm2 → 0, so we can ignore this term for now.
Other than Λ

2C
√

Λ2 + 4Cm2, all the remaining terms are blowing up in either
limits limC→0 and limΛ→∞ (or Λ >> m).
When limΛ>>m

lim
Λ>>m

E0(m) = 1
8π

[
Λ2

2C

(
1 + 2Cm2

Λ2 + · · ·
)

+O
(

m2

Λ2

)]
(18)

lim
Λ>>m

E0(m) = 1
8π

[
Λ2

2C + m2 + · · ·+O
(

m2

Λ2

)]
(19)
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Free Hamiltonian in Interpolation form

Normal ordering it using different mass µ rather than m,

Nm[H0] = Nµ[H0] + E0(µ)− E0(m)

= Nµ[H0] + 1
8π

[
Λ2

2C + µ2 + · · ·+O
(
µ2

Λ2

)]

− 1
8π

[
Λ2

2C + m2 + · · ·+O
(

m2

Λ2

)]

Nm[H0] = Nµ[H0] + 1
8π
(
µ2 −m2) (20)

The result is consistent with the IFD.
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Free Hamiltonian in Interpolation form

Tµν in LFD

Tµν = ∂µφ∂νφ− gµνL (21)

T++ = ∂+φ∂+φ

T+− = ∂+φ∂−φ− ∂+φ∂−φ−
α0
β2 cosβφ− γ0 = −α0

β2 cosβφ− γ0

T−+ = ∂−φ∂+φ− ∂+φ∂−φ−
α0
β2 cosβφ− γ0 = −α0

β2 cosβφ− γ0

T−− = ∂−φ∂−φ (22)

=⇒ Tµν =
(

∂+φ∂+φ −α0
β2 cosβφ− γ0

−α0
β2 cosβφ− γ0 ∂−φ∂−φ

)
(23)

Hamiltonian,

P− = T+− = −α0
β2 cosβφ− γ0 (24)

Momentum,
P+ = T++ = ∂+φ∂+φ (25)
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Free Hamiltonian in Interpolation form

Tµν in Interpolation Form

LSG = 1
2
[
C(∂+̂φ)2 + 2S∂+̂φ∂−̂φ− C(∂−̂φ)2]+ α0

β2 cos βφ+ γ0 (26)

Tµν = ∂µφ∂νφ− gµνL (27)

T+̂+̂ = ∂+̂φ∂+̂φ− C
(

1
2
[
C(∂+̂φ)2 + 2S∂+̂φ∂−̂φ− C(∂−̂φ)2]+ α0

β2 cos βφ+ γ0

)
T+̂−̂ = ∂+̂φ∂−̂φ− S

(
1
2
[
C(∂+̂φ)2 + 2S∂+̂φ∂−̂φ− C(∂−̂φ)2]+ α0

β2 cos βφ+ γ0

)
T−̂+̂ = ∂−̂φ∂+̂φ− S

(
1
2
[
C(∂+̂φ)2 + 2S∂+̂φ∂−̂φ− C(∂−̂φ)2]+ α0

β2 cos βφ+ γ0

)
T−̂−̂ = ∂−̂φ∂−̂φ+ C

(
1
2
[
C(∂+̂φ)2 + 2S∂+̂φ∂−̂φ− C(∂−̂φ)2]+ α0

β2 cos βφ+ γ0

)
(28)
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Particle spectrum

Particle spectrum
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Soliton solutions

Soliton solutions

LSG = 1
2 (∂µφ) (∂µφ) + m4

λ

[
cos
((√

λ

m

)
φ

)
− 1
]

(29)

It is completely solvable at the classical level.
There are two types of solutions. First there is the soliton (and an antisoliton)
which is a solution that is time-independent in its rest frame.
The other one the doublet, loosely speaking, a ”soliton-antisoliton” bound state.
In its rest frame the doublet field oscillates periodically in time.

Hariprashad Ravikumar December 18, 2020 13 / 29



Soliton solutions

φ4 : Kink soliton

Lφ4 = 1
2 (∂µφ) (∂µφ) + λ

2
[
(φ2 − a2)2] (30)

minimum of U(φ) = λ
2
[
(φ2 − a2)2] occure at φ = ±a
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Soliton solutions

φ4 : Kink soliton
For time-independent( ∂φ

∂t = 0), the solution is,
φ =a tanh (µx) (31)

where,µ = λa2
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Soliton solutions

Solitary wave in (1+1)

LSG = 1
2 (∂µφ) (∂µφ) + U(φ) (32)

then the wave equation (EoM) is

�φ ≡ ∂2φ

∂t2 −
∂2φ

∂x2 = −∂U(φ)
∂φ

(33)

static solution,

∂2φ

∂x2 = ∂U(φ)
∂φ

(34)

upon multiplying ∂φ
∂x , ∫

∂φ

∂x
∂2φ

∂x2 dx =
∫
∂U(φ)
∂φ

∂φ

∂x dx (35)

the boundary conditions are as x → ±∞, U(φ) = (1− cosφ)→ 0 and ∂φ
∂x → 0.
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Soliton solutions

=⇒ 1
2

(
∂φ

∂x

)2
= (U(φ)) (36)

=⇒ ∂φ

∂x = ±
√

2U(φ) (37)

on integration,

x − x0 = ±
∫ φ(x)

φ(x0)

dφ√
2U(φ)

, (38)
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The Soliton for sine-Gordon

The Soliton for sine-Gordon

LSG =m4

λ

[
1
2 (∂µφ) (∂µφ) + [cos (φ)− 1]

]
(39)

then the EoM is

�φ ≡ ∂2φ

∂t2 −
∂2φ

∂x2 = sinφ (40)

the lagrangian and the fiels equations has the discrete symmetries ,

φ→− φ
φ→φ+ 2nπ

where, n ∈ Z. consistent with these symmetries,the Hamiltonian HSG vanishes at
the absolute minima of U(φ) = 1− cosφ,
which are, φ = 2nπ
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The Soliton for sine-Gordon

For time-independent, ∂φ
∂t = 0. Then the Hamiltonian will be,

HSG =m3

λ

∫ +∞

−∞
dx
[

1
2

(
∂φ

∂x

)2
+ [1− cos (φ)]

]
(41)

plug U = (1− cosφ) in (62), then

∂φ

∂x = ±
√

2 (1− cosφ) = ±2sin(φ2 ) (42)

on integration,

x − x0 = ±
∫ φ(x)

φ(x0)

dφ
2sin(φ2 )

, (43)
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The Soliton for sine-Gordon

then the solution is, (rescale, x = x − x0)

φsoliton =4 artan (ex ) (44)
φanti−soliton =− 4 artan (ex ) (45)

solution goed from φ = 0 to φ = 2π or equivalently from φ = 2π to φ = 4π or
from φ = 4π to φ = 6π„,
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The Soliton for sine-Gordon

And by inserting the above solutions into (41), we’ll get the energy (mass) of this
Soliton,

MSG =m3

λ

∫ +∞

−∞
dx
[

1
2

(
∂(4 artan (ex ))

∂x

)2
+ [1− cos (4 artan (ex ))]

]

= m3

λ

∫ +∞

−∞
dx
[

16
2

e2x

(e2x + 1)2 + 8e2x

(e2x + 1)2

]
MSG = 16m3

λ

∫ +∞

−∞
dx
[

e2x

(e2x + 1)2

]
= 16m3

λ

[
−1

2(e2x + 1)

]+∞

−∞
= 16m3

λ

[
−1
∞

+ 1
2

]
MSG = 8m3

λ
(46)
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Boosting the soliton

Boosting soliton

A more general solution with time dependence is

φsoliton =4 artan
(

e(x−vt)γ
)

(47)

φanti−soliton =− 4 artan
(

e(x−vt)γ
)

(48)

which shows that the soliton travels with velocity v
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Doublet solutions

Doublet

Our LSG permits TIME DEPENDENT solution, called Doublet (soliton-antisoliton
scattering solution).

φs−a(x , t) = 4 artanh
(

sinh(utγ)
u cosh(xγ)

)
(49)

in asymptotic behaviour in time,

φs−a(x , t) = 4 arctan
(

(e(utγ) − e−(utγ))
u (e(xγ) + e−(xγ)

e(xγ)

e(xγ)

)
= 4 arctan

(
(e(γ(x+ut)) − e−(γ(x−ut)))

u (e(2xγ) + 1)

)
(50)

let, time delay should be ∆ ≡ γ−1 ln u,

=⇒ e−γ∆ = e−γγ
−1 ln u = u−1 (51)
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Doublet solutions

so,

φs−a(x , t) = 4 arctan
(

e−γ∆(e(γ(x+ut)) − e−(γ(x−ut)))
(e(2xγ) + 1)

)
= 4 arctan

(
(e(γ(x+u(t−∆))) − e−(γ(x−u(t+∆))))

u (e(2xγ) + 1)

)
(52)

In the t → −∞ limit the second term in the bracket is large and the first term is
exponentially small, so we can make the approximation

e(u(t−∆)) ≈ e(u(t+∆)) (53)

Since, arctan
(

x−y
xy+1

)
= arctan(x)− arctan(y). So in the t → −∞ limit the

solution is

lim
t→−∞

φs−a(x , t) ≈ 4 arctan
(

(e(γ(x+u(t+∆))) − e−(γ(x−u(t+∆))))
u (e(2xγ) + 1)

)
= 4 arctan

(
e(γ(x+u(t+∆)))

)
− 4 arctan

(
e−(γ(x−u(t+∆))))

)
lim

t→−∞
φs−a(x , t) = φsoliton(γ(x + u(t + ∆))) + φanti−soliton(γ(x − u(t + ∆)))

(54)
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Doublet solutions

Similarly, in the t → +∞ limit, we can make the approximation
e(−u(t−∆)) ≈ e(−u(t+∆)) (55)

then the solution is

lim
t→+∞

φs−a(x , t) ≈ 4 arctan
(

(e(γ(x+u(t−∆))) − e−(γ(x−u(t−∆))))
u (e(2xγ) + 1)

)
= 4 arctan

(
e(γ(x+u(t−∆)))

)
− 4 arctan

(
e−(γ(x−u(t−∆))))

)
lim

t→+∞
φs−a(x , t) = φsoliton(γ(x + u(t −∆))) + φanti−soliton(γ(x − u(t −∆)))

(56)
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Solitons in Interpolation Form

Solitons in Interpolation Form

L = 1
2
[
C(∂+̂φ)2 + 2S∂+̂φ∂−̂φ− C(∂−̂φ)2]+ U(φ) (57)

then the wave equation (EoM) is

[C(∂2
+̂ − ∂

2
−̂) + 2S∂+̂∂−̂]φ = −∂U(φ)

∂φ
(58)

static solution,

C
∂2φ

∂x −̂2
= ∂U(φ)

∂φ
(59)

upon multiplying ∂φ

∂x−̂ ,

C
∫

∂φ

∂x −̂
∂2φ

∂x −̂2
dx̂ =

∫
∂U(φ)
∂φ

∂φ

∂x −̂
dx −̂ (60)

the boundary conditions are as x −̂ → ±∞, U(φ) = (1− cosφ)→ 0 and ∂φ

∂x−̂ → 0.

=⇒ C
2

(
∂φ

∂x −̂

)2
= (U(φ)) (61)
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Solitons in Interpolation Form

=⇒ ∂φ

∂x −̂
= ±

√
2
C

U(φ) (62)

on integration,

x −̂ − x −̂0 = ±
∫ φ(x−̂)

φ(x−̂0 )

dφ√
2
CU(φ)

, (63)

x −̂ − x −̂0 = ±
∫ φ(x−̂)

φ(x−̂0 )

dφ
2√
C sin(φ2 )

, (64)

then the solution is, (rescale, x −̂ = x −̂ − x −̂0 )

x −̂√
C

= ±(ln tan(φ4 )) (65)

then,

φsoliton =4 artan(e
x−̂√

C ) (66)

φanti−soliton =− 4 artan(e
x−̂√

C ) (67)
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Solitons in Interpolation Form

the energy (mass) of this Soliton,

MSol =m3

λ

∫ +∞

−∞
dx −̂

1
2

∂(4 artan(e
x−̂√

C ))
∂x −̂

2

+
[

1− cos
(

4 artan(e
x−̂√

C )
)]

= m3

λ

∫ +∞

−∞
dx −̂

 1
C8e 2x−̂

C

(e
x−̂√

C + 1)2
+ 8e 2x−̂

C

(e
2x−̂√

C + 1)2


MSol =

8(1 + 1
C )m3

λ

∫ +∞

−∞
dx −̂

 e
2x−̂√

C

(e
2x−̂√

C + 1)2

 =
8(1 + 1

C )m3

λ

[
−
√
C

2(e2x−̂ + 1)

]+∞

−∞

=
8(1 + 1

C )m3

λ

[
−
√
C
∞

+
√
C

2

]

MSol = 4m3

λ
(
√
C + 1√

C
) (68)
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Solitons in Interpolation Form
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