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sine-Gordon (1 + 1)

£sc =5 (0,9) (9"9) + 3 [cos (50) ~ ®

)] -

let's rescale the parameters as x = mx, t = mt and ¢ = (

— 2 _
let g = m* and 8 = ~2. then,

Lsc = (3u¢) (0") + 7

m* |1
Lo ="% | 3 0,0) 0"9) + [eos(0) - 1]} )
then the EoM is
82 2
= a—tf — a—x(f = sing (4)
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INTRODUCTION

zero-mode problem of light-front quantization

Hamiltonian density in IFD,

1 1/9¢0\?
H= 57r(x)2 +3 (;ﬁ) + % [1 - cos(B9)]

Hamiltonian density in IFD,
«
Py = g [L = cos (89)]

Hamiltonian density in Interpolation,

Py = %(amf + %(a;qb)z + % [1 — cos (B9)]
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Interpolation

let sin26 = S and cos2d = C,
(d5)2 = g‘udeHdXV
= gjrjrdxjrdxjr +g- dxTdx™ + g;;rdxidxjr + g;;dxi dx~

C S
- g,LLV = <S —C> = g’“/ (8)
¥ xt =cosdx’ +sindx’
x__xo—xl 4 < x0+x1

V2 *

2

x* =sindx®=cosdx' ™\

<
<
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Free Hamiltonian in Interpolation form

Free Hamiltonian in Interpolation form

Lc = [C(0: 0 +250,00:6 ~ C0-0F] + Peosfotnn (9
_L o, N dk- m —ikx a]‘ me:kx
“’(X)‘m/_oo k) S [afhe m)e™ + al (ke m)e] . (10)
dkA

m(x) =030 = +OOA a m)e ** _ 3T (k- m)e™
(x) = 036 m/ )k falhem) (k= m)e] |

8A¢ _ /+oo A dk-~ PR [a(kA,m)eiikX _ aT(k",m)eikX:I , (12)
- \/ﬂ \/2k+ o -

then the free Hamiltonian density is,
C C
Piro= 5(84@2 + E(@;d))z (13)
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Free Hamiltonian in Interpolation form

Free Hamiltonian in Interpolation form

teo dk

1
o =Ny [Px - k3 k2 14
Pio [P+O]+47T/_oo Skt ((C +C ) (14)
then,
Eo(m) —1/+°° dk (ck2 +cr?) (15)
0 8r ) o kt

from Hornbostel(1992), we have k; = ““ 2= where wy = , /k2 + Cm?.

so, kT = g™k + gt k- = Cky +Sk- = wy — Sk> +Sk> = wy = /k2 +Cm2.
then,

C

1
Eo(m) = 7/ -~
87 J oo /K2 +Cm?
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Free Hamiltonian in Interpolation form

1A A
i - 2 2 _ m?
Sll*nlEo(m)_&r 2(C\//\ +4Cm? —m < ey 2)+

N m* o VA2 +4Cm2 + A
2 B\ VN F4Cme A
CA A

+ EN /N 4T - 2 () 17
4 VA2 + 4Cm? (17)

when limc_,, the %\//\2 +4Cm? — 0, so we can ignore this term for now.

Other than %\//\2 + 4Cm?, all the remaining terms are blowing up in either

limits limc_o and limp_o (or A >> m).
When limassm

. 1| A2 2Cm? m?

A, Eolm) = g2 2<c<1+/\2+"'>+0(/\2)] (18)
. 1 | A2 5 m?

plim Eolm) =g log +m +"'+O<Az> (19)
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Free Hamiltonian in Interpolation form

Normal ordering it using different mass y rather than m,

Nim[Ho] = Nu[Ho] + Eo(t) — Eo(m)
2
é\c NR RG] <x2)]
1

N2 m?

Nin[Ho] = N, [Ho] + % (12 — ) (20)

1
= N'u, [HO] +

The result is consistent with the IFD.
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Free Hamiltonian in Interpolation form

T in LFD

T;,w = u¢al/¢ - g,uwc
Tit = 040049
= 01909~ 04606 ~ FcosBp 10 = m 3 €056 — o

T 1= 0-6010 — 04606 — 30056 — 70 = — 5 cosfié — 19

_=0_¢0_¢
_ (L 2r00se  gheosis g
= T = (—ggcos5¢> — 0_60_¢
Hamiltonian,
7)7 - T+,

~Gaeosio —
Momentum,

Py =Ty = 049010

(21)

(24)

(25)
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Free Hamiltonian in Interpolation form

T, in Interpolation Form

Lse :% [C(036) + 2503 6826 — C(=¢)?] + % cosfp+y  (26)

T;ux = u¢8u¢ - gmﬂc (27)

Tip = 050016 —C (= [C(0;6) + 250; ¢~ ¢ — C(0-¢)?] + % cos B + 70)

Tjr; = _;_gbagd) -S [C(@_@d))z + 2S84¢8;¢ - C(@;Qﬁ)ﬂ + % cos B¢ + ’Yo)

TN TN
NI NIF O

Ty =0-¢0:0 -S| 5 [C(010)° + 250460~ ¢ — C(9-¢)?] + % cos ¢ + 70)

T-- = 8;(/)8;(;5 +C

[C(0:6) + 2505 0~ ¢ — C(D-¢)°] + % cos B¢ + 70)
(28)

€
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Particle spectrum

Particle spectrum

PHYSICAL REVIEW D VOLUME 11, NUMBER 12 15 JUNE 1975

Particle spectrum in model field theories from semiclassical functional integral techniques*

Roger F. Dashen, Brosl Hasslacher, and André Neveu
Institute for Advanced Study, Princeton, New Jersey 08540
(Received 27 January 1975)

We have used a iclassical method developed earlier to the particle spectrum of a field theory in
two-dimensional space-time defined by the (sine-Gordon) Lagrangian %(auq&)2 + (m*/N){cos[(VX/m )$1—1}. For
weak coupling we find a heavy particle, the soliton, corresponding to a peculiar classical field configuration
and an antisoliton. Below the solit: isoli threshold there are a large number of further states. They can
be viewed either as soliton-antisoliton bound states or as bound states of n of the usual quanta of the theory.
The “elementary particle” ¢ is the lowest of these. As the coupling increases, the higher states successively
unbind, d ing into solit isoliton pairs. At A/m? = 4, the “elementary particle” unbinds leaving only
solitons and antisolitons for A/ m? > 4. Comparing our semiclassical results with recent exact results of
Coleman and with perturbation theory, we find that the semiclassical calculations are exact. This field theory
seems similar to the hydrogen atom for which the Bohr-Sommerfeld quantization rules give the energy levels
exactly. We also treat a ¢* theory in weak coupling and carry out a number of calculations which provide
nontrivial illustrations of the semiclassical method.
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Soliton solutions

Soliton solutions

4
Lsc =5 (06) (06) + - | cos ((f) ¢> - 1] (29)
It is completely solvable at the classical level.
There are two types of solutions. First there is the soliton (and an antisoliton)
which is a solution that is time-independent in its rest frame.
The other one the doublet, loosely speaking, a "soliton-antisoliton” bound state.
In its rest frame the doublet field oscillates periodically in time.
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¢* : Kink soliton

Lo =3 (00) (00) + 5 [(6 — 2] (30)

minimum of U(¢) = 5 [(¢? — a®)?] occure at ¢ = +a

Plot[{dx§-4}"2, {¢, -3.5, 3.5}]
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¢* : Kink soliton
For time-independent( % = 0), the solution is,
¢ =a tanh (ux) (31)

where, i = \a°

Plot[{2Tanh[x]}, {x, -3, 3}]
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Solitary wave in (1+1)

L5 =3 (0:6) (9"6) + U(0)

then the wave equation (EoM) is

¢ 0?9 _ 0U(9)

T o2 ax2 9o
static solution,
P _ 0U(9)
ox2  9¢
upon multiplying %
/8¢ 26, _ [0U) 06
Ox 8X2 9 Ox

(34)

(35)

. B 06
the boundary conditions are as x — +o0, U(¢) = (1 — cos$) — 0 and Z~ — 0.

Hariprashad Ravikumar

16 /29



Soliton solutions

on integration,
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The Soliton for sine-Gordon

The Soliton for sine-Gordon

m* [1
Lse ==~ | 5 (0u9)(9"¢) +[cos (¢) — 1] (39)
then the EoM is
_ P P
O¢ = 2 o sing (40)
the lagrangian and the fiels equations has the discrete symmetries ,
¢—=—09
¢ —¢+2nm

where, n € Z. consistent with these symmetries,the Hamiltonian Hsg vanishes at
the absolute minima of U(¢) =1 — cos¢,
which are, ¢ = 2n7
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The Soliton for sine-Gordon

For time-independent, % = 0. Then the Hamiltonian will be,

m3 400 2
Hs =" /_Oo dx l; (gf) - cos(¢)]] (41)
plug U = (1 — cos®) in (62), then

0 1 V/a(T cosd) = +2sin(3) (42)

on integration,

o(x) 4
X—oni/ _¢¢, (43)
$(x0) 2sin(%5)
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The Soliton for sine-Gordon

then the solution is, (rescale, x = x — xg)

¢soliton =4 artan (eX) (44)
@anti—soliton = — 4 artan (ex) (45)

solution goed from ¢ = 0 to ¢ = 27 or equivalently from ¢ = 27 to ¢ = 4= or
from ¢ = 4w to ¢ = 67,,,

Plot({asa. lanes 1isa 1 1 -2mea i 13 46, -6, 8,
Plotstyle » Tick, PlotLegends » "Expressions"]

— o aen ept)

27 atan (expts))
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The Soliton for sine-Gordon

And by inserting the above solutions into (41), we'll get the energy (mass) of this
Soliton,

Mse =— /+oo E (W)z +[1 — cos (4artan (ex))]]

/+oo |: e2x N 8e2x :|
o er + 1) (e2x + 1)2

2x 3 _ 400 3
Msc 716m dx [ e } _ 16m { 1 ] _ 16m [1 n 1}

) (e + 1) X 2@+ T x> 2
8m3
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Boosting soliton

A more general solution with time dependence is

Osoliton =4 artan (e(X— Vt)’y)

¢anti—soliton = —4artan (e(X7Vt)’Y)

which shows that the soliton travels with velocity v
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Doublet

Our Lsc permits TIME DEPENDENT solution, called Doublet (soliton-antisoliton
scattering solution).

$s_a(x, t) = 4artanh <m> )

in asymptotic behaviour in time,

Ps—a(x, t) = 4arctan ((e(utv) —e ) e(xv))

u (e + e=(x7) elx7)

B (e(v(X+ut)) _ e—(v(X—ut)))

= 4 arctan ( (@ 1 1) (50)
let, time delay should be A = 'y’l Inu,

— e A =g e — 1 (51)
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Doublet solutions

SO,

e VA (elr(xtun) _ o=(v(x—ut)y
bs_a(x,t) = 4arctan ( (@) )
(eOrixrult=A)) _ g=(v(x—u(t+A)))

u (1) 4+ 1) )
In the t — —oo limit the second term in the bracket is large and the first term is
exponentially small, so we can make the approximation
e(u(t=2)) o ou(t+A)) (53)

(52)

= 4 arctan (

Since, arctan (Xy+1> = arctan(x) — arctan(y). So in the t — —oo limit the

solution is

lim  ¢s_a(x,t) ~ 4arctan
t——00

Y(xtu(t+A))) _ o= (v (X—U(H‘A))))
( (e +1) )

= 4 arctan (e X+“(t+A)))) 4 arctan (e—(v(X—U(HA)))))

tﬂmoo ¢s—a(x t) d)sollton('}/(x + u t + A))) + d)anti—so/iton(’)/(x - U(t + A)))
(54)

24 /29
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Doublet solutions

Similarly, in the t — +o0 limit, we can make the approximation
e(—ult=4))  o(—u(t+h)) (55)

then the solution is

tjmoo ¢s—a(x, t) &~ 4arctan

(eletu(t=A))) _ o=(r(x—u(t=2))))
(e )
— 4arctan (e(w<x+u(th)))) _ 4arctan (ef(w(xfu(rfm))))
t_'iToo Gs—a(X, t) = Dsoliton(V(x + u(t — A))) + Panti—soiiton(V(x — u(t — A)))
(56)

$sa
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Solitons in Interpolation Form

Solitons in Interpolation Form

c :% [C(9;.0)? + 280 69~ ¢ — C(9-4)?] + U(9) (57)
then the wave equation (EoM) is
[C(9% — %) +280,0-]¢ = —méff) (58)
static solution,
9%¢ _ 0U(¢)
ox=2  0¢ 59
upon multiplying ;;%,
8(;5 82q§ kS
8x 29 / 0¢ B?d (60)

the boundary conditions are as x~ — 200, U(¢) = (1 — cos¢) — 0 and ‘% — 0.

S(2) -ww (61
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Solitons in Interpolation Form

on integration,

.

¢(x7)
fxo 7j:/
Xo) \/QU

. . #(x7)
x_—x(;:i/ L,
¢

o5) osin(%)
then the solution is, (rescale, x~ = x~ — xOL)
X~ (ntan(2))

JC 4

then,
Gsoliton =4 artan(e <)

=
(bantifsoliton =—4 3rt3n(e\/5)

Hariprashad Ravikumar
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Solitons in Interpolation Form

the energy (mass) of this Soliton,

~ 2
3 oo o B
Msol :1/ o |1 w + [1 — cos (4 artan(e\/f)ﬂ
A ) 2 Ox~
/+°° . % et N 8e* T
Y o P
VE41)2  (evE +1)2
81+ L)md [t | eE s+ L)m [ —vE 17
— 00 (e~/E +1)2 2(eX +1)
8(1+¢)m’ | VT C
= +
A 00 2
4m3 1
Msg) =2 —
sor =~ (VC + \/@) (68)
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