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I Last time I presented the transition form factors of scalar
meson in 1+1-D scalar model as well as the fermion loop
calculation

I Both manifestly covariant method and light-front dynamics
calculations were done, and results found to agree, DR was
satisfied, although for the fermion loop case there is
singularity at the threshold which is still under investigation

I For the light-front time-ordered calculation, I showed how
choosing different component (Γ++ vs Γ+−, for example), can
result in different LFTO amplitudes, however the sum of all
time-ordered contributions is the same as it must be. A new
definition of the each individual LFTO contribution was
presented.
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Last time
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This time

I Now let us calculate the transition form factor of a
pseudoscalar/pseudovector meson going into 2 virtual photons

I In 3+1-D this contributes to the axial anomaly
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Historical remarks on the axial anomaly
C. Adam, R.A. Bertlmann and P. Hofer, Riv. Nuovo. Cim. 16 (1993) 1
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Perturbative calculation of the axial anomaly in 3+1-D
Ryder’s QFT book
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Anomaly-free condition
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Pseudoscalar triangle diagram in 2 dimensions
The total amplitude Γµν is of the form

Γµν = F (q2, q′2)Tµναβqαq
′
β

In 4 dimensions, Tµναβ = εµναβ , but here in 2 dimensions, Tµναβ

is taken to be

Tµναβ = −
(
gµνεαβ + εµνgαβ

)
,

which satisfies

gµαT
µναβ = 0; gνβT

µναβ = 0.

So that current conservation

qµΓµν = 0

and
q′νΓµν = 0

are satisfied. The total amplitude is

Γµν = F (q2, q′2)
(
−gµνεαβqαq

′
β − εµνq · q′

)
.

23/53



So, the form factor is

F (q2, q′2) =
Γµν

−gµνεαβqαq′β − εµνq · q′
.

Contracting the symmetric and anti-symmetric tensors gµν and εµν
to the amplitude respectively, we get

F (q2, q′2) =
gµνΓµν

−2εαβqαq′β

and

F (q2, q′2) =
εµνΓµν

2q · q′
.
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The amplitude Γµν is calculated as such, following the Feynman
rules.

Γµν =ΓµνD + ΓµνC

=ie2gNc

∫
d2k

(2π)2{
Tr
[
γ5(/p − /k + m)γµ(/p − /k − /q + m)γν(−/k + m)

]
((p − k − q)2 −m2) ((p − k)2 −m2) (k2 −m2)

+
Tr
[
γ5(/p − /k + m)γν(/q − /k + m)γµ(−/k + m)

]
((p − k)2 −m2) (k2 −m2) ((q − k)2 −m2)

}

We have

Tr
[
γµγνγργσγ5

]
= −2(gµνερσ + gρσεµν).
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We obtain

Γµν =ie2gNc

∫
d2k

(2π)2
(−2m)

{[
−(p − k)µενδ(p + k − q)δ

+ qµενδkδ − εµδ(p − k)δ(p − k − q)ν

+εµδqδk
ν + εµνm2

]
·
[(

(p − k − q)2 −m2
) (

(p − k)2 −m2
) (

k2 −m2
)]−1

+
[
−(p − k)νεµδqδ + kµενδ(2p − k − q)δ − (q − k)νεµδkδ

−qµενδ(p − k)δ − εµνm2
]

·
[(

(p − k)2 −m2
) (

k2 −m2
) (

(q − k)2 −m2
)]−1

}
.
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After doing the Feynman parametrization, this becomes

Γµν =
−ie2gNcm

2π2

∫ 1

0

dx

∫ 1−x

0

dy

{∫
d2l1

2

(l2
1 −∆1)3

×[
−
(
(1− x)q + (1− x − y)q′

)µ
ενδ
(
xq + (1 + x + y)q′

)
δ

+ qµενδ
(
xq + (x + y)q′

)
δ

− εµδ
(
(1− x)q + (1− x − y)q′

)
δ

(
−xq + (1− x − y)q′

)ν
+ εµδqδ

(
(x + y)q′ + xq

)ν
+εµνm2 + lµ1 ε

νδ l1δ − lν1 ε
µδ l1δ

]
+

∫
d2l2

2

(l2
2 −∆2)3

×
[
−
(
(1− x − y)q + (1− x)q′

)ν
εµδqδ

+
(
(x + y)q + xq′

)µ
ενδ
(
(1− x − y)q + (2− x)q′

)
δ

−
(
(1− x − y)q − xq′

)ν
εµδ
(
(x + y)q + xq′

)
δ

− qµενδ
(
(1− x − y)q + (1− x)q′

)
δ

−εµνm2 − lµ2 ε
νδ l2δ + lν2 ε

µδ l2δ
]}

,

where for ΓµνD we made the momentum substitution k → l1 + (x + y)p − yq
and for ΓµνC we made the substitution k → l2 + xp + yq,
∆1 = x(x − 1)q2 + 2x(x + y − 1)q · q′ + (x + y)(x + y − 1)q′2 + m2, and
∆2 = x(x − 1)q′2 + 2x(x + y − 1)q · q′ + (x + y)(x + y − 1)q2 + m2.
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To calculate the form factor from F (q2, q′2) =
gµνΓµν

−2εαβqαq′
β

, we do

gµνΓµν =
−ie2gNcm

2π2

∫ 1

0

dx

∫ 1−x

0

dy

{∫
d2l1

2

(l2
1 −∆1)3

×[
−ενδ

(
(1− x)q + (1− x − y)q′

)
ν

(
xq + (1 + x + y)q′

)
δ

+ ενδqν
(
xq + (x + y)q′

)
δ

− εµδ
(
(1− x)q + (1− x − y)q′

)
δ

(
−xq + (1− x − y)q′

)
µ

+ εµδqδ
(
(x + y)q′ + xq

)
µ

+ενδ l1ν l1δ − εµδ l1µl1δ
]

+

∫
d2l2

2

(l2
2 −∆2)3

×
[
−εµδ

(
(1− x − y)q + (1− x)q′

)
µ
qδ

+ ενδ
(
(x + y)q + xq′

)
ν

(
(1− x − y)q + (2− x)q′

)
δ

− εµδ
(
(1− x − y)q − xq′

)
µ

(
(x + y)q + xq′

)
δ

− ενδqν
(
(1− x − y)q + (1− x)q′

)
δ

−ενδ l2ν l2δ + εµδ l2µl2δ
]}

=
e2gNcm

2π

(
−2εαβqαq

′
β

)∫ 1

0

dx

∫ 1−x

0

dy(−y)

(
1

∆2
1

− 1

∆2
2

)
= 0.
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To calculate the form factor from F (q2, q′2) =
εµνΓµν

2q·q′ , we do

εµνΓµν =
−ie2gNcm

2π2

∫ 1

0
dx

∫ 1−x

0
dy

{∫
d2l1

2

(l21 − ∆1)3
×[

−
(
(1 − x)q + (1 − x − y)q′

)
·
(
xq + (1 + x + y)q′

)
+ q ·

(
xq + (x + y)q′

)
+
(
(1 − x)q + (1 − x − y)q′

)
·
(
−xq + (1 − x − y)q′

)
− q ·

(
(x + y)q′ + xq

)
−2m2 + 2l21

]
+

∫
d2l2

2

(l22 − ∆2)3
×
[(

(1 − x − y)q + (1 − x)q′
)
· q

+
(
(x + y)q + xq′

)
·
(
(1 − x − y)q + (2 − x)q′

)
+
(
(1 − x − y)q − xq′

)
·
(
(x + y)q + xq′

)
− q ·

(
(1 − x − y)q + (1 − x)q′

)
+2m2 − 2l22

]}
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=
−e2gNcm

2π

∫ 1

0
dx

∫ 1−x

0
dy

{
1

∆2
1

×[
−
(
(1 − x)q + (1 − x − y)q′

)
·
(
xq + (1 + x + y)q′

)
+ q ·

(
xq + (x + y)q′

)
+
(
(1 − x)q + (1 − x − y)q′

)
·
(
−xq + (1 − x − y)q′

)
− q ·

(
(x + y)q′ + xq

)
−2m2 − 2∆1

]
+

1

∆2
2

×
[(

(1 − x − y)q + (1 − x)q′
)
· q

+
(
(x + y)q + xq′

)
·
(
(1 − x − y)q + (2 − x)q′

)
+
(
(1 − x − y)q − xq′

)
·
(
(x + y)q + xq′

)
− q ·

(
(1 − x − y)q + (1 − x)q′

)
+2m2 + 2∆2

]}
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=
−e2gNcm

π

∫ 1

0
dx

∫ 1−x

0
dy

{
1

∆2
1

(
−yq · q′ − 2m2

)
+

1

∆2
2

(
yq · q′ + 2m2

)}
= 0.

So, since both the symmetric and anti-symmetric parts of the total
amplitude is zero, we conclude that the pseudoscalar transition
amplitude itself is zero

Γµν = 0.

I Future work on this: calculate in light-front time-ordered
formulation to confirm the results.
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Axial vector triangle diagram in 2 dimensions (AVV)

Now let us calculate the transition form factor of an axial vector
meson going through the fermion triangle loop, and transitioning
into 2 virtual photons. The amplitude Γρµν is calculated as such,
following the Feynman rules.

Γρµν =ΓρµνD + ΓρµνC

=ie2gNc

∫
d2k

(2π)2{
Tr
[
γργ5(/p − /k + m)γµ(/p − /k − /q + m)γν(−/k + m)

]
((p − k − q)2 −m2) ((p − k)2 −m2) (k2 −m2)

+
Tr
[
γργ5(/p − /k + m)γν(/q − /k + m)γµ(−/k + m)

]
((p − k)2 −m2) (k2 −m2) ((q − k)2 −m2)

}
.

32/53



Using in 2 dimensions

Tr
[
γ5γαγµγβγνγθγρ

]
=− 2gαµεβνgθρ − 2εαµgβνgθρ − 2gαµgβνεθρ + 2gαβgµνεθρ − 2gανgµβεθρ,

Γρµν =
−ie2gNc

2π2

∫
d2k

{[(
gαµεβνgθρ + εαµgβνgθρ + gαµgβνεθρ − gαβgµνεθρ

+gανgµβεθρ
)
· (p − k)α(p − k − q)β(−k)θ + m2(gαµενρ + εαµgνρ)(p − k)α

+m2(gµβενρ + εµβgνρ)(p − k − q)β + m2(gµνεθρ + εµνgθρ)(−k)θ
]

·
[(

(p − k − q)2 −m2
)(

(p − k)2 −m2
)(

k2 −m2
)]−1

+
[(

gανεβµgθρ + εανgβµgθρ + gανgβµεθρ − gαβgνµεθρ

+gαµgνβεθρ
)
· (p − k)α(q − k)β(−k)θ + m2(gανεµρ + εανgµρ)(p − k)α

+m2(gνβεµρ + ενβgµρ)(q − k)β + m2(gνµεθρ + ενµgθρ)(−k)θ
]

·
[(

(p − k)2 −m2
)(

k2 −m2
)(

(q − k)2 −m2
)]−1

}
.
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After doing the Feynman parametrization, this becomes

Γρµν

=
ie2gNc

2π2

∫ 1

0

dx

∫ 1−x

0

dy

∫
d2l1

2

(l2
1 −∆1)3

×[(
(1− x)q + (1− x − y)q′

)µ
εβν

(
−xq + (1− x − y)q′

)
β

(
xq + (x + y)q′

)ρ
+ εαµ

(
(1− x)q + (1− x − y)q′

)
α

(
−xq + (1− x − y)q′

)ν (
xq + (x + y)q′

)ρ
+
(
(1− x)q + (1− x − y)q′

)µ (−xq + (1− x − y)q′
)ν
εθρ
(
xq + (x + y)q′

)
θ

−
(
(1− x)q + (1− x − y)q′

)
·
(
−xq + (1− x − y)q′

)
gµνεθρ

(
xq + (x + y)q′

)
θ

+
(
(1− x)q + (1− x − y)q′

)ν (−xq + (1− x − y)q′
)µ
εθρ
(
xq + (x + y)q′

)
θ
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+ lµ1 ε
βν l1β

(
xq + (x + y)q′

)ρ − lµ1 ε
βν (−xq + (1− x − y)q′

)
β
lρ1

−
(
(1− x)q + (1− x − y)q′

)µ
εβν l1β l

ρ
1

+ εαµl1αl
ν
1

(
xq + (x + y)q′

)ρ − εαµl1α (−xq + (1− x − y)q′
)ν

lρ1

− εαµ
(
(1− x)q + (1− x − y)q′

)
α
lν1 l

ρ
1

+ lµ1 l
ν
1 ε
θρ (xq + (x + y)q′

)
θ
− lµ1

(
−xq + (1− x − y)q′

)ν
εθρl1θ

−
(
(1− x)q + (1− x − y)q′

)µ
lν1 ε

θρl1θ

− gµν l2
1 ε
θρ (xq + (x + y)q′

)
θ

+ l1 ·
(
−xq + (1− x − y)q′

)
gµνεθρl1θ

+
(
(1− x)q + (1− x − y)q′

)
· l1gµνεθρl1θ

+ lν1 l
µ
1 ε

θρ (xq + (x + y)q′
)
θ
− lν1

(
−xq + (1− x − y)q′

)µ
εθρl1θ

−
(
(1− x)q + (1− x − y)q′

)ν
lµ1 ε

θρl1θ

−m2 ((1− 2x)q + 2(1− x − y)q′
)µ
ενρ + m2εµαqαg

νρ

+m2gµνεθρ
(
xq + (x + y)q′

)
θ

+ m2εµν
(
xq + (x + y)q′

)ρ]
+
{
µ↔ ν & q ↔ q′

}
.
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Let us check first the axial vector current conservation

(q + q′)ρΓρµν (A)

(q + q′)ρΓρµν

=
ie2gNc

2π2

∫ 1

0
dx

∫ 1−x

0
dy

∫
d2 l1

2

(l21 − ∆1)3
×

[(
(1− x)q + (1− x − y)q′

)µ
ε
βν
(
−xq + (1− x − y)q′

)
β

(q + q′) ·
(
xq + (x + y)q′

)
+ ε

αµ
(

(1− x)q + (1− x − y)q′
)
α

(
−xq + (1− x − y)q′

)ν
(q + q′) ·

(
xq + (x + y)q′

)
+
(

(1− x)q + (1− x − y)q′
)µ (
−xq + (1− x − y)q′

)ν
ε
θρ
(
xq + (x + y)q′

)
θ

(q + q′)ρ

−
(

(1− x)q + (1− x − y)q′
)
·
(
−xq + (1− x − y)q′

)
gµν

ε
θρ
(
xq + (x + y)q′

)
θ

(q + q′)ρ

+
(

(1− x)q + (1− x − y)q′
)ν (
−xq + (1− x − y)q′

)µ
ε
θρ
(
xq + (x + y)q′

)
θ

(q + q′)ρ
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+ l
µ
1 ε

βν l1β (q + q′) ·
(
xq + (x + y)q′

)
− l

µ
1 ε

βν
(
−xq + (1− x − y)q′

)
β

(q + q′) · l1

−
(

(1− x)q + (1− x − y)q′
)µ

ε
βν l1β (q + q′) · l1

+ ε
αµ l1α lν1 (q + q′) ·

(
xq + (x + y)q′

)
− εαµ l1α

(
−xq + (1− x − y)q′

)ν
(q + q′) · l1

− εαµ
(

(1− x)q + (1− x − y)q′
)
α

lν1 (q + q′) · l1

+ l
µ
1 lν1 ε

θρ
(
xq + (x + y)q′

)
θ

(q + q′)ρ − l
µ
1

(
−xq + (1− x − y)q′

)ν
ε
θρ l1θ(q + q′)ρ

−
(

(1− x)q + (1− x − y)q′
)µ

lν1 ε
θρ l1θ(q + q′)ρ

− gµν l21 ε
θρ
(
xq + (x + y)q′

)
θ

(q + q′)ρ + l1 ·
(
−xq + (1− x − y)q′

)
gµν

ε
θρ l1θ(q + q′)ρ

+
(

(1− x)q + (1− x − y)q′
)
· l1g

µν
ε
θρ l1θ(q + q′)ρ

+ lν1 l
µ
1 ε

θρ
(
xq + (x + y)q′

)
θ

(q + q′)ρ − lν1

(
−xq + (1− x − y)q′

)µ
ε
θρ l1θ(q + q′)ρ

−
(

(1− x)q + (1− x − y)q′
)ν

l
µ
1 ε

θρ l1θ(q + q′)ρ

− m2
(

(1− 2x)q + 2(1− x − y)q′
)µ

ε
νρ(q + q′)ρ + m2

ε
µαqα(q + q′)ν

+m2gµν
ε
θρ
(
xq + (x + y)q′

)
θ

(q + q′)ρ + m2
ε
µν (q + q′) ·

(
xq + (x + y)q′

)]
+
{
µ↔ ν & q ↔ q′

}
.
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We get

gµν(q + q′)ρΓρµν

=
e2gNc

π
m2(2εαβqαq

′
β)

∫ 1

0
dx

∫ 1−x

0
dy(−y)

(
1

∆2
1

− 1

∆2
2

)
= 0.

and

εµν(q + q′)ρΓρµν

=
−e2gNc

π
m2(q + q′)2

∫ 1

0
dx

∫ 1−x

0
dy

(
1

∆2
1

− 1

∆2
2

)
= 0.

So the axial vector current conservation is satisfied.

pρΓρµν = 0.
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Let us check another current conservation

qµΓρµν (V )

qµΓ
ρµν
D

=
ie2gNc

2π2

∫ 1

0
dx

∫ 1−x

0
dy

∫
d2 l1

2

(l21 − ∆1)3
×

[
q ·
(

(1− x)q + (1− x − y)q′
)
ε
βν
(
−xq + (1− x − y)q′

)
β

(
xq + (x + y)q′

)ρ
+ ε

αµ
(

(1− x)q + (1− x − y)q′
)
α

qµ

(
−xq + (1− x − y)q′

)ν (
xq + (x + y)q′

)ρ
+ q ·

(
(1− x)q + (1− x − y)q′

) (
−xq + (1− x − y)q′

)ν
ε
θρ
(
xq + (x + y)q′

)
θ

−
(

(1− x)q + (1− x − y)q′
)
·
(
−xq + (1− x − y)q′

)
qνεθρ

(
xq + (x + y)q′

)
θ

+
(

(1− x)q + (1− x − y)q′
)ν

q ·
(
−xq + (1− x − y)q′

)
ε
θρ
(
xq + (x + y)q′

)
θ
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+ q · l1ε
βν l1β

(
xq + (x + y)q′

)ρ
− q · l1ε

βν
(
−xq + (1− x − y)q′

)
β
l
ρ
1

− q ·
(

(1− x)q + (1− x − y)q′
)
ε
βν l1β l

ρ
1

+ ε
αµ l1αqµ lν1

(
xq + (x + y)q′

)ρ
− εαµ l1αqµ

(
−xq + (1− x − y)q′

)ν
l
ρ
1

− εαµ
(

(1− x)q + (1− x − y)q′
)
α

qµ lν1 l
ρ
1

+ q · l1 l
ν
1 ε

θρ
(
xq + (x + y)q′

)
θ
− q · l1

(
−xq + (1− x − y)q′

)ν
ε
θρ l1θ

− q ·
(

(1− x)q + (1− x − y)q′
)
lν1 ε

θρ l1θ

− qν l21 ε
θρ
(
xq + (x + y)q′

)
θ

+ l1 ·
(
−xq + (1− x − y)q′

)
qνεθρ l1θ

+
(

(1− x)q + (1− x − y)q′
)
· l1q

ν
ε
θρ l1θ

+ lν1 q · l1ε
θρ
(
xq + (x + y)q′

)
θ
− lν1 q ·

(
−xq + (1− x − y)q′

)
ε
θρ l1θ

−
(

(1− x)q + (1− x − y)q′
)ν

q · l1ε
θρ l1θ

− m2q ·
(

(1− 2x)q + 2(1− x − y)q′
)
ε
νρ + m2

ε
µαqαqµgνρ

+m2qνεθρ
(
xq + (x + y)q′

)
θ

+ m2
ε
µνqµ

(
xq + (x + y)q′

)ρ]
.
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And

qµΓ
ρµν
C

=
ie2gNc

2π2

∫ 1

0
dx

∫ 1−x

0
dy

∫
d2 l2

2

(l22 − ∆2)3
×

[(
(1− x)q′ + (1− x − y)q

)ν
ε
βµ
(
−xq′ + (1− x − y)q

)
β
qµ

(
xq′ + (x + y)q

)ρ
+ ε

αν
(

(1− x)q′ + (1− x − y)q
)
α

q ·
(
−xq′ + (1− x − y)q

) (
xq′ + (x + y)q

)ρ
+
(

(1− x)q′ + (1− x − y)q
)ν

q ·
(
−xq′ + (1− x − y)q

)
ε
θρ
(
xq′ + (x + y)q

)
θ

−
(

(1− x)q′ + (1− x − y)q
)
·
(
−xq′ + (1− x − y)q

)
qνεθρ

(
xq′ + (x + y)q

)
θ

+ q ·
(

(1− x)q′ + (1− x − y)q
) (
−xq′ + (1− x − y)q

)ν
ε
θρ
(
xq′ + (x + y)q

)
θ
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+ lν2 ε
βµ l2βqµ

(
xq′ + (x + y)q

)ρ
− lν2 ε

βµ
(
−xq′ + (1− x − y)q

)
β
qµ l

ρ
2

−
(

(1− x)q′ + (1− x − y)q
)ν

ε
βµ l2βqµ l

ρ
2

+ ε
αν l2αq · l2

(
xq′ + (x + y)q

)ρ
− εαν l2αq ·

(
−xq′ + (1− x − y)q

)
l
ρ
2

− εαν
(

(1− x)q′ + (1− x − y)q
)
α

q · l2 l
ρ
2

+ lν2 q · l2ε
θρ
(
xq′ + (x + y)q

)
θ
− lν2 q ·

(
−xq′ + (1− x − y)q

)
ε
θρ l2θ

−
(

(1− x)q′ + (1− x − y)q
)ν

q · l2ε
θρ l2θ

− qν l22 ε
θρ
(
xq′ + (x + y)q

)
θ

+ l2 ·
(
−xq′ + (1− x − y)q

)
qνεθρ l2θ

+
(

(1− x)q′ + (1− x − y)q
)
· l2q

ν
ε
θρ l2θ

+ q · l2 l
ν
2 ε

θρ
(
xq′ + (x + y)q

)
θ
− q · l2

(
−xq′ + (1− x − y)q

)ν
ε
θρ l2θ

− q ·
(

(1− x)q′ + (1− x − y)q
)
lν2 ε

θρ l2θ

− m2
(

(1− 2x)q′ + 2(1− x − y)q
)ν

ε
µρqµ + m2

ε
ναq′αqρ

+m2qνεθρ
(
xq′ + (x + y)q

)
θ

+ m2
ε
νµqµ

(
xq′ + (x + y)q

)ρ]
.
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We get

gρνqµΓρµνD = gρνqµΓρµνC = 0

and

ερνqµΓρµν =
e2gNc

2π

∫ 1

0
dx

∫ 1−x

0
dy

1

∆2
1

×[
x(1 − x − y)

[
(q · q′)2 − q2q′2 − (εαβqαq

′
β)2
]

− 2m2q ·
(
(1 − 2x)q + 2(1 − x − y)q′

)]
+
e2gNc

2π

∫ 1

0
dx

∫ 1−x

0
dy

1

∆2
2

×[
−xy

[
(q · q′)2 − q2q′2 − (εαβqαq

′
β)2
]

+2m2q ·
(
2xq′ + (2x + 2y − 1)q

)]
.

But
(q · q′)2 − q2q′2 − (εαβqαq

′
β)2 = 0.
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And from numerical calculation, both the 2m2q2 term∫ 1

0
dx

∫ 1−x

0
dy

(
−(1 − 2x)

∆2
1

+
2x + 2y − 1

∆2
2

)
and the (2m2)(2q · q′) term∫ 1

0
dx

∫ 1−x

0
dy

(
−(1 − x − y)

∆2
1

+
x

∆2
2

)
are 0 for general values of q2 and q′2. So the vector current
conservation is satisfied.

qµΓρµν = 0.

I Future work on this: Calculate two-point function to find axial
anomaly.
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Not triangle diagram
arXiv:hep-th/9902199v6 4 Jun 1999
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