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HELICITY SPINOR FOR ANY INTERPOLATION ANGLE

|𝑝; 𝑗, 𝑚> δ = 𝑇|0; 𝑗, 𝑚> 𝑇 = 𝑒𝑖𝛽1κ
ෝ1+𝑖𝛽2κ

ෝ2−𝑖𝛽3𝐾
ෝ3Transformation matrix

A spin projection along the z direction

𝐽3|0; 𝑗, 𝑚 > = 𝑚|0; 𝑗,𝑚>

Generalized helicity spinor state in each interpolation angle for a particle of spin j moving 
with momentum p and helicity m. 

Initial state at rest |0; 𝑗, 𝑚>





New spin Operator for a moving particle- Generalized helicity operator 

ℑ𝑖 = 𝑇𝐽𝑖𝑇
−1

ℑ3|𝑝; 𝑗, 𝑚> δ = 𝑇𝐽𝑖𝑇
−1𝑇|0; 𝑗, 𝑚> = 𝑚|𝑝; 𝑗, 𝑚> δ

p = 𝑃ෝ−
2 + c𝐩˔2 = (𝑃ෝ+)2−c𝑀2 ; c = 𝐶𝑜𝑠(2𝛿)ℑ3 =

1

p(𝑃ෝ−𝐽3 + 𝑃1κ෡2- 𝑃2κ෡1)

ℑ3 In terms of the particle’s momentum 

Instant Form Limit

κ෡1 → −𝐽2, κ෡2 → 𝐽1, 𝑃ෝ− → 𝑃3 ,p → (𝑃0)2−𝑀2 = |𝐏|

ℑ3 →
𝐏. 𝐉

|𝐏|

Light Front Limit

κ෡1 → −𝐸1, κ
෡2 → −𝐸2, 𝑃ෝ− → 𝑃+ ,p → 𝑃+

ℑ3 →
(𝑃2𝐸1 − 𝑃1𝐸2)

𝑃+



If the particle is moving in the +z or –z direction (𝑃1= 𝑃2=0)

ℑ3 =
1

p(𝑃ෝ−𝐽3)

Critical interpolation angle condition ; 𝑃ෝ−= 0 

𝑝1 = 𝐸0, 0,0, 𝑃𝑒

𝑝2 = 𝐸0, 0,0, −𝑃𝑒

𝑝3 = {𝐸0, 𝑃𝛾𝑆𝑖𝑛(𝜃), 0, 𝑃𝛾𝐶𝑜𝑠(𝜃)}

𝑝4 = {𝐸0, −𝑃𝛾𝑆𝑖𝑛(𝜃), 0, −𝑃𝛾𝐶𝑜𝑠(𝜃)}

𝛿𝑝
± = −𝐴𝑟𝑐𝑇𝑎𝑛

𝐸0 ∗ 𝑝𝑧 + 𝑝𝑒 ∗ 4𝐸02 + 𝑝𝑧2

𝑝𝑒 ∗ 𝑝𝑧 + 𝐸0 ∗ 4𝐸02 + 𝑝𝑧2

𝛿𝑒
± = −𝐴𝑟𝑐𝑇𝑎𝑛

𝐸0 ∗ 𝑝𝑧 − 𝑝𝑒 ∗ 4𝐸02 + 𝑝𝑧2

−𝑝𝑒 ∗ 𝑝𝑧 + 𝐸0 ∗ 4𝐸02 + 𝑝𝑧2



𝜃 = 𝜃𝑐,𝑡 𝜃 = 𝜃𝑐,𝑡 + 0.1

𝐸0 = 2𝑚𝑒

𝑃𝑒 = √3𝑚𝑒

𝑃𝛾 = 3.5𝑚𝑒

𝛿 = 𝐴𝑟𝑐𝑇𝑎𝑛
𝑃𝑒
𝐸0

= 0.713724

𝜃 = 𝜃𝑐,𝑡 − 0.1

𝑃𝛾 = 𝑚𝑒

𝜃𝑐,𝑡 = critical annihilation angle 

It seems there is a 
connection to the 
helicity. 

“𝝅+𝝅− " → 𝝆+𝝆−



𝑀𝑡 = (−𝑝1 + 𝑞1)
ෝ𝜇𝜀ෝ𝜇

∗(𝑝3, λ3)
1

𝑞1
2−𝑚2 (𝑝2 + 𝑞1)

ොν𝜀ොν
∗(𝑝4, λ4)

(−𝑝1 + 𝑞1)
ෝ𝜇𝜀ෝ𝜇

∗(𝑝3, λ3) = −2 𝑝1
ෝ𝜇𝜀ෝ𝜇

∗(𝑝3, λ3) = 0

(𝑝2 + 𝑞1)
ොν𝜀ොν

∗(𝑝4, λ4) = 2(𝑝2 )
ොν𝜀ොν

∗(𝑝4, λ4) = 0

→ (𝛿𝑝
±, 𝛿𝑝𝑡

00)

→ (𝛿𝑒
±, 𝛿𝑒𝑡

00)

(𝑝1 )
ෝ𝜇𝜀ෝ𝜇

∗(𝑝3, ±) = 𝑝1)ෝ+𝜀
∗ෝ+(𝑝3, ± + 𝑝1)ෝ−𝜀

∗ෝ−(𝑝3, ±

Transverse Interpolating polarization vector  gauge conditions  : 𝐴ෝ+ = 0 and 𝜕ෝ−𝐴ෝ− + 𝜕˔. 𝐴˔c =0

Light-front gauge : 𝐴+= 0 Coulomb gauge in IFD : ∇. 𝐴 = 0

→ 𝑃ෝ− = 0



E𝑡 = 𝐸02𝑝𝛾 ሿ𝐶𝑜𝑠[𝜃 − 𝑝𝑒 𝐸02 − 𝑝𝛾2 ሿ𝑆𝑖𝑛[𝜃 2

Pt=𝐸0𝑝𝛾 𝑝𝛾 − 𝑝𝑒 ሿ𝐶𝑜𝑠[𝜃

𝐸𝑢 = 𝐸02𝑝𝛾 ሿ𝐶𝑜𝑠[𝜃 + 𝑝𝑒 𝐸02 − 𝑝𝛾2 ሿ𝑆𝑖𝑛[𝜃 2

Pu=-𝐸0𝑝𝛾 𝑝𝛾 + 𝑝𝑒 ሿ𝐶𝑜𝑠[𝜃

𝛿𝑝𝑡
00 = −𝐴𝑟𝑐𝑇𝑎𝑛

𝐸𝑡 ∗ 𝑝𝑧 + 𝑝𝑡 ∗ 4𝐸02 + 𝑝𝑧2

𝑝𝑡 ∗ 𝑝𝑧 + 𝐸𝑡 ∗ 4𝐸02 + 𝑝𝑧2

𝛿𝑒𝑡
00 = −𝐴𝑟𝑐𝑇𝑎𝑛

𝐸𝑡 ∗ 𝑝𝑧 − 𝑝𝑡 ∗ 4𝐸02 + 𝑝𝑧2

−𝑝𝑡 ∗ 𝑝𝑧 + 𝐸𝑡 ∗ 4𝐸02 + 𝑝𝑧2

𝛿𝑝𝑢
00 = −𝐴𝑟𝑐𝑇𝑎𝑛

𝐸𝑢 ∗ 𝑝𝑧 + 𝑝𝑢 ∗ 4𝐸02 + 𝑝𝑧2

𝑝𝑢 ∗ 𝑝𝑧 + 𝐸𝑢 ∗ 4𝐸02 + 𝑝𝑧2

𝛿𝑒𝑢
00 = −𝐴𝑟𝑐𝑇𝑎𝑛

𝐸𝑢 ∗ 𝑝𝑧 − 𝑝𝑢 ∗ 4𝐸02 + 𝑝𝑧2

−𝑝𝑢 ∗ 𝑝𝑧 + 𝐸𝑢 ∗ 4𝐸02 + 𝑝𝑧2

𝛿𝑒𝑡
00 𝜃 = 𝛿𝑒𝑢

00(π − 𝜃)

𝛿𝑝𝑡
00 𝜃 = 𝛿𝑝𝑢

00(π − 𝜃)

Does helicity 0 change ?



Annihilation angle 𝜃 → 0

𝛿𝑝𝑡
00= 𝛿𝑝𝑢

00= −𝐴𝑟𝑐𝑇𝑎𝑛
𝐸0∗𝑝𝑧+𝑝𝛾∗ 4𝐸02+𝑝𝑧2

𝑝𝛾∗𝑝𝑧+𝐸0∗ 4𝐸02+𝑝𝑧2
𝛿𝑒𝑡
00= 𝛿𝑒𝑢

00= −𝐴𝑟𝑐𝑇𝑎𝑛
𝐸0∗𝑝𝑧−𝑝𝛾∗ 4𝐸02+𝑝𝑧2

−𝑝𝛾∗𝑝𝑧+𝐸0∗ 4𝐸02+𝑝𝑧2

Critical interpolation angles from the helicity conditions for rhp-mesons

𝜃 = 0.1 𝜃 = 0



𝜃 = 0

𝜃 = 0.1



Mse++=Mse--, Mse+-=Mse-+, 𝜃 = 0
“𝝅+𝝅− " → 𝝆+𝝆− 𝒑𝒓𝒐𝒄𝒆𝒔𝒔



𝜌+ 𝜌−

+1
+1-1+1

+1 -1

Mse++

Mse+-

Mse-+





𝜖ෝ𝜇 𝑃, 0 =
𝑃ෝ+

𝑚𝛾p
(𝑃ෝ+ −

𝑚𝛾
2

𝑃ෝ+
, 𝑃1, 𝑃2, 𝑃ෝ−)

p = 𝑃ෝ−
2 + c𝐩˔2

The longitudinal photon polarization vector

Phase shift condition 𝑃ෝ− = 0

Pz → 0

𝛿 → 𝑇𝑎𝑛−1
𝑃𝜌

𝐸0
= 0.463648

Mse00 =
2 E02 + pγ2 −pγ ሿCos[𝛿 + E0 ሿSin[𝛿

E02 − pγ2 ൧Abs[pγ ሿCos[𝛿 − E0 ሿSin[𝛿



𝑆 = 0 Particle 
Wigner Rotation

𝑑
1
2 𝛽 = 𝑒

−𝑖𝜎𝑦𝛽

2

𝑑
1
2 𝜋 | ↑> = 𝑒

−𝑖𝜎𝑦𝜋

2 | ↑>

𝑑
1
2 𝜋 | ↑> = | ↓>

𝑑
1
2 𝜋 | ↓> = −| ↑>

|0,0 > → |
↑↓−↓↑

2
>

+1

-1

-
+1

-1

-
+1

-1 +1

-1



𝑆 = 1

|1,0 > → |
↑↓+↓↑

2
>

|1,1 >→ | ↑↑>

|1, −1 >→ | ↓↓>

+1 -1

-1

+
+1

+
+1

-1
+1

-1

-

+1

+1 -1

-1

-1

-1

+1

+1



𝝆+𝝆− → “𝝅+𝝅− "

• Initial particles  have spins.
• Clear boundaries can be seen in any annihilation angle

𝜃 =
𝜋

3



𝜃 =
𝜋

3



T-channelREAL



T-channelImaginary



Summary 

“𝝅+𝝅− " → 𝝆+𝝆− 𝒑𝒓𝒐𝒄𝒆𝒔𝒔

• Out going photon polarization vectors are transverse ,𝜋+ 𝑃ෝ− = 0 and 𝜋− 𝑃ෝ− = 0 conditions make helicity 
amplitudes zero (Gauge condition)- Vanishing theorems in helicity amplitude in unbroken gauge 
theory.   

• When 𝜃 = 0 , 𝜌+ 𝑃ෝ− = 0 and 𝜌− 𝑃ෝ− = 0 conditions create clear abrupt changes in the helicity 
amplitudes ( Helicity condition )

• Out going photon polarization vectors are longitudinal, 𝜌+ 𝑃ෝ− = 0 and 𝜌− 𝑃ෝ− = 0 conditions create 
phase changes in the helicity amplitudes  

𝝆+𝝆− → “𝝅+𝝅− " 𝒑𝒓𝒐𝒄𝒆𝒔𝒔

• Helicity amplitudes have real parts as well as imaginary parts
• 𝜌+ 𝑃ෝ− = 0 and 𝜌− 𝑃ෝ− = 0 conditions create clear abrupt changes in the helicity amplitudes for any 

annihilation angle ( General helicity condition )
• Out going photon polarization vectors are longitudinal, 𝜌+ 𝑃ෝ− = 0 and 𝜌− 𝑃ෝ− = 0 conditions create phase 

changes in the helicity amplitudes  



Thank you 



𝑀 = 𝜀𝜇
∗(𝑝3, λ3)𝜀ν

∗(𝑝4, λ4)[𝐽
𝑡𝜇ν + 𝐽𝑢𝜇ν+ 𝐽𝑠𝑒𝜇ν]

𝐽𝑡𝜇ν = (−𝑝1 + 𝑞1)
𝜇

1

𝑞1
2 −𝑚2

(𝑝2 + 𝑞1)
ν

𝐽𝑢𝜇ν = (−𝑝1 + 𝑞2)
ν

1

𝑞2
2 −𝑚2

(𝑝2 + 𝑞2)
𝜇

𝐽𝑠𝑒𝜇ν = −2𝑔𝜇ν

𝑇𝜇ν






