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Lowest –order Covariant Feynman diagrams

t-Channel
u-Channel

Seagull
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𝑀𝑡 = (−𝑝1 + 𝑞1)
𝜇𝜀𝜇

∗(𝑝3, λ3)
1

𝑞1
2−𝑚2 (𝑝2 + 𝑞1)

ν𝜀ν
∗(𝑝4, λ4)

𝑀𝑠𝑒 = −2𝑔𝜇ν𝜖
∗𝜇(𝑝3, λ3)𝜀

∗ν (𝑝4, λ4)

𝑀𝑢 = (−𝑝1 + 𝑞2)
ν𝜀ν

∗(𝑝4, λ4)
1

𝑞2
2−𝑚2 (𝑝2 + 𝑞2)

𝜇 𝜀𝜇
∗(𝑝3, λ3 )

𝑀𝑡 = (𝑝3 + 𝑞1)
𝜇𝜀𝜇(𝑝1, λ1)

1

𝑞1
2−𝑚2 (−𝑝4 + 𝑞1)

ν𝜀ν(𝑝2, λ2)

𝑀𝑢 = (−𝑝3 + 𝑞2)
ν𝜀ν(𝑝2, λ2)

1

𝑞2
2 −𝑚2

(𝑝4 + 𝑞2)
𝜇𝜀𝜇(𝑝1, λ1)

𝑀𝑠𝑒 = −2𝑔𝜇ν𝜀
𝜇 (𝑝1, λ1) 𝜀

ν (𝑝2, λ2)

"𝒆+𝒆−" → 𝜸𝜸/ “𝝅+𝝅− " → 𝝆𝟎𝝆𝟎

𝜸𝜸 → "𝒆+ 𝒆−" /𝝆𝟎𝝆𝟎 → “𝝅+𝝅− "



Center of mass kinematics

𝑝1 = 𝐸0, 0,0, 𝑃𝑒

𝑝2 = 𝐸0, 0,0, −𝑃𝑒

𝑝3 = {𝐸0, 𝑃𝛾𝑆𝑖𝑛(𝜃), 0, 𝑃𝛾𝐶𝑜𝑠(𝜃)}

𝑝4 = {𝐸0, −𝑃𝛾𝑆𝑖𝑛(𝜃), 0, −𝑃𝛾𝐶𝑜𝑠(𝜃)}

"𝒆+𝒆−" → 𝜸𝜸/ “𝝅+𝝅− " → 𝝆𝟎𝝆𝟎

𝛾

𝒆−

𝑝1 = 𝐸0, 0,0, 𝑃𝛾

𝑝2 = 𝐸0, 0,0, −𝑃𝛾

𝑝3 = {𝐸0, 𝑃𝑒𝑆𝑖𝑛(𝜃), 0, 𝑃𝑒𝐶𝑜𝑠(𝜃)}

𝑝4 = {𝐸0, −𝑃𝑒𝑆𝑖𝑛(𝜃), 0, −𝑃𝑒𝐶𝑜𝑠(𝜃)}

𝜸𝜸 → "𝒆+ 𝒆−" /𝝆𝟎𝝆𝟎 → “𝝅+𝝅− "

Lorentz Transformation

𝐸 = 4𝐸0
2 + 𝑃𝑧

2 𝛼 =
𝐸

4𝐸0

𝛼𝛽 =
𝑃𝑧

4𝐸0

𝑝𝑖
′0 = 𝛼𝑝𝑖

0 + 𝛼𝛽𝑝𝑖
𝑧

𝑝𝑖
′𝑧 = 𝛼𝑝𝑖

𝑧 + 𝛼𝛽𝑝𝑖
0

𝑝𝑖
′˔ = 𝑝𝑖

˔

𝛾 𝛾

𝒆−

𝒆+

𝛾 𝛾

𝒆−

𝒆+



The interpolating photon polarization vectors

𝜖ෝ𝜇 𝑃,+ = −
1

2p (s|𝒑˔|,
𝑃1𝑃ෝ−−𝑖𝑃2p

|𝐩˔|
,
𝑃2𝑃ෝ−+𝑖𝑃1p

|𝐩˔|
,- c |𝒑˔|)

𝜖ෝ𝜇 𝑃,− =
1

2p (s|𝒑˔|,
𝑃1𝑃ෝ−+𝑖𝑃2p

|𝐩˔|
,
𝑃2𝑃ෝ−−𝑖𝑃1p

|𝐩˔|
,- c |𝒑˔|)

𝜖ෝ𝜇 𝑃, 0 =
𝑃ෝ+

𝑚𝛾p
(𝑃ෝ+ −

𝑚𝛾
2

𝑃ෝ+
, 𝑃1, 𝑃2, 𝑃ෝ−)

Constraints

𝜖ෝ𝜇 𝑝, λ 𝑝ෝ𝜇 = 0

𝜖∗ 𝑝, λ . ϵ 𝑝, λ′ = −𝛿λλ′

Where s = 𝑆𝑖𝑛(2𝛿) 
c = 𝐶𝑜𝑠(2𝛿)

p = 𝑃ෝ−
2 + c𝐩˔2 = (𝑃ෝ+)2−c𝑚𝛾

2

C-R ji,Ziyue Li and A.T.Suzuki ,Phy Rev D 91 06065020 (2014)|𝐩˔| = 𝑃1
2 + 𝑃2

2



Polarization vectors in the rest frame Helicity transformation matrix







Polarization vectors move in ±z-directions only 

𝜖ෝ𝜇 𝑃, ± =
1

2
0,

𝑃ෝ−
|𝑃ෝ−|

, ±𝑖
𝑃ෝ−
|𝑃ෝ−|

, 0 𝜖ෝ𝜇 𝑃, ± =
1

2
0,1, ±𝑖10

+z-direction=  rest frame

𝜖ෝ𝜇 𝑃, 0 =
1

c𝑚𝛾|𝑃ෝ−|
(|𝑃ෝ−|

2𝐶𝑜𝑠𝛿 − 𝑃ෝ−𝑃
ෝ+𝑆𝑖𝑛𝛿, 0,0, 𝑃ෝ−𝑃

ෝ+𝐶𝑜𝑠𝛿 − |𝑃ෝ−|
2𝑆𝑖𝑛𝛿)

𝜖ෝ𝜇 𝑃, ± = ±
1

2
0,

𝑃ෝ−
|𝑃ෝ−|

, ±𝑖
𝑃ෝ−
|𝑃ෝ−|

, 0

𝜖ෝ𝜇 𝑃, 0 =
𝑃ෝ+

𝑚𝛾|𝑃ෝ−|
(𝑃ෝ+ −

𝑚𝛾
2

𝑃ෝ+
, 0,0, 𝑃ෝ−)



Observe symmetries between covariant Helicity amplitudes

Mt + +      = Mt - -

Mu + +     = Mu - -

Mse + +    = Mse - -

Mt + - = Mt - +

Mu + - = Mu - +

Mse + - = Mse - +

Mt 0 +      = -(Mt 0 -)

Mu 0 +     = -(Mu 0 -)

Mse 0 +    = -(Mse 0 -)

Mt + 0      = -(Mt – 0)

Mu + 0     = -(Mu – 0)

Mse + 0    = -(Mse – 0)

• Helicity amplitudes satisfy symmetry based on parity conservation 

𝐻 −𝑠′, −ℎ′, −𝑠, −ℎ = (−1)𝑠
′+ℎ′−𝑠−ℎ𝐻(𝑠′, ℎ′, 𝑠, ℎ)

𝐻 −ℎ′, −ℎ = (−1)ℎ
′−ℎ𝐻( ℎ′, ℎ)

• All amplitudes satisfy t-u symmetry

Mt + + (𝜃) =
Mt + - (𝜃) =

Mu ++ ( 𝜋 − 𝜃)
Mu + - ( 𝜋 − 𝜃)

Mt 00 (𝜃) =
Mt 0 + (𝜃) =   
Mt + 0  (𝜃) =
Mt 0 - (𝜃) =   
Mt - 0  (𝜃) =

Mu 00 ( 𝜋 − 𝜃)
Mu + 0 ( 𝜋 − 𝜃) 
Mu0 + ( 𝜋 − 𝜃)
Mu - 0 ( 𝜋 − 𝜃) 
Mu0 - ( 𝜋 − 𝜃)

❖ Corresponding time order amplitudes also satisfy above motioned all symmetries 



Wigner-d Function for spin 1

𝑑1 𝛽 =

1

2
(1 + 𝐶𝑜𝑠𝛽) −

1

2
𝑆𝑖𝑛𝛽

1

2
(1 − 𝐶𝑜𝑠𝛽)

1

2
𝑆𝑖𝑛𝛽 𝐶𝑜𝑠𝛽 −

1

2
𝑆𝑖𝑛𝛽

1

2
(1 − 𝐶𝑜𝑠𝛽)

1

2
𝑆𝑖𝑛𝛽

1

2
(1 + 𝐶𝑜𝑠𝛽)

|1, +1 > =
1
0
0

|1,0 > =
0
1
0

QUANTUM CORRELATION
Eigen states

|1, −1 > =
0
0
−1

Rotation in 1800 angles (𝛽 = 𝜋)

|1, +1 > → |1,−1 > Helicity state change  

|1,0 > → −|1,0 >

|1, −1 > → |1, +1 >

Phase change

Helicity state change 



Generalized helicity operator

ℑ3 =
1

p(𝑃ෝ−𝐽3 + 𝑃1κ2- 𝑃2κ1)

If the particle is moving in the +z or –z direction (𝑃1= 𝑃2=0)

ℑ3 =
1

p(𝑃ෝ−𝐽3)
Wigner-d rotation in 1800 angles 

• Helicity and phase changes point can be found when 𝑃ෝ− =0 



"𝒆+𝒆−" → 𝜸𝜸/ “𝝅+𝝅− " → 𝝆𝟎𝝆𝟎

𝜸𝜸 → "𝒆+ 𝒆−" /𝝆𝟎𝝆𝟎 → “𝝅+𝝅− "

• Two outgoing spin 1 particles ( Final particles ) 
• When annihilation angle zero (𝑃1= 𝑃2=0, 𝜃 = 0 ) one 

particle is moving in +z direction and other one is 
moving in –z direction

• Two incoming Spin 1 particles ( Initial particles)
• For any annihilation angle one particle is moving in 

+z direction and other one is moving in –z direction 

• Helicity amplitudes depend on the reference frames and 
interpolation angles 

• The Landscape of helicity amplitude should exhibit  two 
helicity boundaries when helicity or phase changes are taken 
place as two particles moving ±z direction

• These boundaries separate the branch that LFD belongs to 
from the branch that IFD belongs and corresponding 
interpolation angles are called critical interpolation angle

HELICITY AND PHASE CHANGE



Critical interpolation angle

𝛿𝑝= −𝐴𝑟𝑐𝑇𝑎𝑛
𝐸0∗𝑝𝑧+𝑝𝛾∗ 4𝐸02+𝑝𝑧2

𝑝𝛾∗𝑝𝑧+𝐸0∗ 4𝐸02+𝑝𝑧2
𝛿𝑛 = −𝐴𝑟𝑐𝑇𝑎𝑛

𝐸0∗𝑝𝑧−𝑝𝛾∗ 4𝐸02+𝑝𝑧2

−𝑝𝛾∗𝑝𝑧+𝐸0∗ 4𝐸02+𝑝𝑧2

Spin 1 particle moving in +z- direction Spin 1 particle moving in -z- direction



“𝝅+𝝅− " → 𝝆𝟎𝝆𝟎 (𝜃 = 0 ).

❖ When annihilation angle is equal to zero ( 𝜃 = 0 ).

"𝒆+𝒆−" → 𝜸𝜸 and 𝜸𝜸 → "𝒆+ 𝒆−" processes  All t and u channel amplitudes goes to zero 
( only Seagle amplitude remain)

“𝝅+𝝅− " → 𝝆𝟎𝝆𝟎 and 𝝆𝟎𝝆𝟎 → “𝝅+𝝅− “ proceses All t and u channel amplitudes goes to zero 
except the amplitudes with  both outgoing 
(/incoming ) polarization vectors are 
longitudinal (Mt00 and Mu00 ) and all 
Seagle

𝜌0 𝜌0

+1
+1-1

+1+1 -1



Mse++ =Mse - - ,  Mse+ - = Mse - +  (symmetry based on parity conservation )
Helicity Changes

Phase  changes

𝜃 = 0

𝐸0 = 2𝑚𝑒

𝑃𝛾 = 𝑚𝑒

𝑃𝑒 = 3𝑚𝑒



𝝆𝟎𝝆𝟎 → “𝝅+𝝅− “ (No any annihilation angle  condition should be satisfied to see clear boundaries) 

𝐸0 = 2𝑚𝑒

𝑃𝛾 = 𝑚𝑒

𝑃𝑒 = 3𝑚𝑒



𝐸0 = 2𝑚𝑒

𝑃𝛾 = 𝑚𝑒

𝑃𝑒 = 3𝑚𝑒

𝜃 =
𝜋

3



𝜸𝜸 → "𝒆+ 𝒆−"

𝜃 =
𝜋

3

𝐸0 = 2𝑚𝑒

𝑃𝛾 = 𝑚𝑒

𝑃𝑒 = 3𝑚𝑒

𝑃𝑧 = 0



𝜃 =
𝜋

3

𝑃𝑧 = 0

𝐸0 = 2𝑚𝑒

𝑃𝛾 = 𝑚𝑒

𝑃𝑒 = 3𝑚𝑒



|𝑀|2 = 

λ1,λ2

|𝑀𝑡
λ1,λ2 +𝑀𝑢

λ1,λ2 +𝑀𝑠𝑒
λ1,λ2|2

|𝑀|2 = 4
𝑡 + 𝑚𝑒

2

𝑡 − 𝑚𝑒
2

2

+
𝑢 + 𝑚𝑒

2

𝑢 − 𝑚𝑒
2

2

+ 4
𝑡 + 𝑚𝑒

2 𝑢 + 𝑚𝑒
2 − 2𝑡𝑢

(𝑡 − 𝑚𝑒
2)(𝑢 − 𝑚𝑒

2)
+ 4

|𝑀𝜌
2| =

2𝑡 + 2𝑚𝑒
2 −𝑚𝛾

2

(𝑡 − 𝑚𝑒
2)

2

+
2𝑢 + 2𝑚𝑒

2 −𝑚𝛾
2

(𝑢 − 𝑚𝑒
2)

2

+ 2
𝑡 + 𝑢 + 2𝑚𝑒

2 − 3𝑚𝛾
2 2

(𝑡 − 𝑚𝑒
2)(𝑢 − 𝑚𝑒

2)

−4
5𝑡 + 𝑢 + 2𝑚𝑒

2 − 4𝑚𝛾
2

𝑡 − 𝑚𝑒
2 +

5𝑢 + 𝑡 + 2𝑚𝑒
2 − 4𝑚𝛾

2

𝑢 − 𝑚𝑒
2 + 16

Cross-Section of the processes using Mandelstam variable.  

• Two Scalar mesons annihilation in to two rho mesons

• Scaler electron and proton annihilation in to two photons



|𝑀𝜌
2| = 4 1 −

2𝑝𝑒2 𝐸02 + 𝑝𝛾2 ሿ𝑆𝑖𝑛[𝜃 2

𝐸02 + 𝑝𝛾2 2 − 4𝑝𝑒2𝑝𝛾2 ሿ𝐶𝑜𝑠[𝜃 2

2

+
8𝑝𝑒4 𝐸02 + 𝑝𝛾2 2 ሿ𝑆𝑖𝑛[𝜃 4

𝐸02 + 𝑝𝛾2 2 − 4𝑝𝑒2𝑝𝛾2 ሿ𝐶𝑜𝑠[𝜃 2 2 +

4
𝐸02 − 𝑝𝛾2 2 𝐸02 + 𝑝𝛾2 − 4𝑝𝑒2 ሿ𝐶𝑜𝑠[𝜃 2 2

𝐸02 + 𝑝𝛾2 2 − 4𝑝𝑒2𝑝𝛾2 ሿ𝐶𝑜𝑠[𝜃 2 2 +
8𝐸02𝑝𝑒4 𝐸02 − 𝑝𝛾2 ሿ𝑆𝑖𝑛[2𝜃 2

𝐸02 + 𝑝𝛾2 2 − 4𝑝𝑒2𝑝𝛾2 ሿ𝐶𝑜𝑠[𝜃 2 2

|𝑀|2 = 4 1 + 1 −
2𝑝𝑒

2𝑆𝑖𝑛2(𝜃)

𝐸0
2 − 𝑝𝑒

2𝐶𝑜𝑠2(𝜃)

2

• Two Scalar mesons annihilation in to two rho mesons

• Scaler electron and proton annihilation in to two photons



t-Channel

Time ordering in the interpolation dynamics

Forward moving Backward moving

Σ𝑎
δ =

𝐶

2𝑄ෝ+ (𝑞ෝ+ − 𝑄ෝ+) Σ𝑏
δ = −

𝐶

2𝑄ෝ+ (𝑞ෝ+ + 𝑄ෝ+)
Σ = Σ𝑎

δ+ Σ𝑏
δ =

1

𝑞1
2−𝑚2

Covariant Propagator 

𝐶 = 𝐶𝑜𝑠 2𝛿 , 𝑆 = 𝑆𝑖𝑛 2𝛿 , 𝑞ෝ+ = 𝑝2
ෝ+ − 𝑝4

ෝ+, 𝑄ෝ+ = ± 𝑄ෝ−
2 + 𝐶( റ𝑞2_|_ +𝑚2)Where:



Critical annihilation angle 

𝑞1
+ =

−
𝑝𝑒𝑝𝑧
2𝐸0

+
𝑝𝑧𝑝𝛾 ሿ𝐶𝑜𝑠[𝜃

2𝐸0

2
+
−
𝑝𝑒 4𝐸02 + 𝑝𝑧2

2𝐸0
+

4𝐸02 + 𝑝𝑧2𝑝𝛾 ሿ𝐶𝑜𝑠[𝜃
2𝐸0

2

𝑞2
+ =

−
𝑝𝑒𝑝𝑧
2𝐸0

−
𝑝𝑧𝑝𝛾 ሿ𝐶𝑜𝑠[𝜃

2𝐸0

2
+
−
𝑝𝑒 4𝐸02 + 𝑝𝑧2

2𝐸0
−

4𝐸02 + 𝑝𝑧2𝑝𝛾 ሿ𝐶𝑜𝑠[𝜃
2𝐸0

2

"𝒆+𝒆−" → 𝜸𝜸/ “𝝅+𝝅− " → 𝝆𝟎𝝆𝟎
𝜸𝜸 → "𝒆+ 𝒆−" /𝝆𝟎𝝆𝟎 → “𝝅+𝝅− "

𝑞1
+ =

pz

2
+

4E02 + pz2

2
pγ − pe ሿCos[𝜃

2E0

𝑞2
+ = −

pz

2
+

4E02 + pz2

2
pγ + pe ሿCos[𝜃

2E0

𝑞1
+ > 0 →Forward 𝑞1

+ < 0 → Backward

𝑞2
+ > 0 →Forward 𝑞2

+ < 0 → Backward

𝑞1
+ = 0 𝜃𝑐,𝑡 = 𝐴𝑟𝑐𝐶𝑜𝑠

𝑃𝑒
𝑃𝛾

→

𝑞2
+ = 0 𝜃𝑐,𝑢 = −𝐴𝑟𝑐𝐶𝑜𝑠

𝑃𝑒
𝑃𝛾

→

𝜃𝑐,𝑡 = 𝐴𝑟𝑐𝐶𝑜𝑠
𝑃𝛾

𝑃𝑒

𝜃𝑐,𝑢 = −𝐴𝑟𝑐𝐶𝑜𝑠
𝑃𝛾

𝑃𝑒

→ ∃ 𝐶𝑜𝑠(𝜃𝑐)↔ 𝑃𝑒< 𝑃𝛾
→ ∃ 𝐶𝑜𝑠(𝜃𝑐)↔ 𝑃𝛾< 𝑃𝑒



𝜃𝑐,𝑡 = 𝐴𝑟𝑐𝐶𝑜𝑠
3

3.5
= 0.387597

𝜃𝑐,𝑢 = −𝐴𝑟𝑐𝐶𝑜𝑠
3

3.5
= 2.754

“𝝅+𝝅− " → 𝝆𝟎𝝆𝟎

𝝆𝟎𝝆𝟎 → “𝝅+𝝅− "
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Conclusion

• Choice of kinematics has high dependence on helicity amplitude
• Even though we have better understanding about the scaler particle 

annihilation and creation boson process we are not clear about the reverse 
processes

• Time order amplitudes share same features in both processes
• Total Probability  independent of the kinematics and the process ( Forward 

or Reverse )
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𝑀𝑡 = (−𝑝1 + 𝑞1)
𝜇𝜀𝜇

∗(𝑝3, λ3)
1

𝑞1
2−𝑚2 (𝑝2 + 𝑞1)

ν𝜀ν
∗(𝑝4, λ4)

(−𝑝1 + 𝑞1)
𝜇𝜀𝜇

∗(𝑝3, λ3) = −2 (𝑝1 )
𝜇𝜀𝜇

∗(𝑝3, λ3)

(𝑝2 + 𝑞1)
ν𝜀ν

∗(𝑝4, λ4) = 2(𝑝2 )
ν𝜀ν

∗(𝑝4, λ4)

→ (𝛿𝑝
±, 𝛿𝑝𝑡

00)

→ (𝛿𝑒
±, 𝛿𝑒𝑡

00)

𝑀𝑢 = (−𝑝1 + 𝑞2)
ν𝜀ν

∗(𝑝4, λ4)
1

𝑞2
2−𝑚2 (𝑝2 + 𝑞2)

𝜇 𝜀𝜇
∗(𝑝3, λ3 )

(𝑝2 + 𝑞2)
𝜇𝜀𝜇

∗(𝑝3, λ3) = 2 (𝑝2)
𝜇𝜀𝜇

∗(𝑝3, λ3) → (𝛿𝑒
±, 𝛿𝑒𝑢
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(−𝑝1 + 𝑞2)
ν𝜀ν

∗(𝑝4, λ4) = −2(𝑝1 )
ν𝜀ν

∗(𝑝4, λ4)
→ (𝛿𝑝

±, 𝛿𝑝𝑢
00)

Ex

• A positive scalar meson projection to the polarization vector of the rho meson gives 𝛿𝑝
± or  𝛿𝑝𝑡

00

critical angles depending on whether polarization vectors are  transverse or longitudinal
respectively.



Critical scattering angle 

𝑞1
+ =

−
𝑝𝑒𝑝𝑧
2𝐸0

+
𝑝𝑧𝑝𝛾 ሿ𝐶𝑜𝑠[𝜃

2𝐸0

2
+
−
𝑝𝑒 4𝐸02 + 𝑝𝑧2

2𝐸0
+

4𝐸02 + 𝑝𝑧2𝑝𝛾 ሿ𝐶𝑜𝑠[𝜃
2𝐸0

2

𝑞2
+ =

−
𝑝𝑒𝑝𝑧
2𝐸0

−
𝑝𝑧𝑝𝛾 ሿ𝐶𝑜𝑠[𝜃

2𝐸0

2
+
−
𝑝𝑒 4𝐸02 + 𝑝𝑧2

2𝐸0
−

4𝐸02 + 𝑝𝑧2𝑝𝛾 ሿ𝐶𝑜𝑠[𝜃
2𝐸0

2

"𝒆+𝒆−" → 𝜸𝜸/ “𝝅+𝝅− " → 𝝆𝟎𝝆𝟎
𝜸𝜸 → "𝒆+ 𝒆−" /𝝆𝟎𝝆𝟎 → “𝝅+𝝅− "

𝑞1
+ =

pz

2
+

4E02 + pz2

2
pγ − pe ሿCos[𝜃

2E0

𝑞2
+ = −

pz

2
+

4E02 + pz2

2
pγ + pe ሿCos[𝜃

2E0

𝑞1
+ > 0 →Forward

𝑞1
+ < 0 → Backward

𝑞2
+ > 0 →Forward 𝑞2

+ < 0 → Backward
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→
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𝑃𝜌
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→ ∃ 𝐶𝑜𝑠(𝜃𝑐)↔ 𝐸0< 𝑃𝑒
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