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𝑀𝑡 = (−𝑝1 + 𝑞1)
𝜇𝜀𝜇

∗(𝑝3, λ3)
1

𝑞1
2−𝑚2 (𝑝2 + 𝑞1)

ν𝜀ν
∗(𝑝4, λ4)

Lowest –order Covariant annihilation diagrams
t-Channel

u-Channel

𝑀𝑢 = (−𝑝1 + 𝑞2)
ν𝜀ν

∗(𝑝4, λ4)
1

𝑞2
2−𝑚2 (𝑝2 + 𝑞2)

𝜇 𝜀𝜇
∗(𝑝3, λ3 )

Seagull

𝑀𝑠𝑒 = −2𝑔𝜇ν𝜖
∗𝜇(𝑝3, λ3)𝜀

∗ν (𝑝4, λ4)



𝑀 = (−𝑝1 + 𝑞1)
𝜇𝜀𝜇

∗(𝑝3, λ3)
1

𝑞1
2−𝑚2 (𝑝2 + 𝑞1)

ν𝜀ν
∗(𝑝4, λ4)

+ (−𝑝1 + 𝑞2)
ν𝜀ν

∗(𝑝4, λ4)
1

𝑞2
2−𝑚2 (𝑝2 + 𝑞2)

𝜇 𝜀𝜇
∗(𝑝3, λ3 )

−2𝑔𝜇ν𝜖
∗𝜇(𝑝3, λ3)𝜀

∗ν (𝑝4, λ4)

𝑀 = 𝑀𝑡 +𝑀𝑢 + 2𝑀𝑠𝑒

Covariant Feynman amplitude

Center of mass kinematics
𝑝1 = 𝐸0, 0,0, 𝑃𝑒

𝑝2 = 𝐸0, 0,0, −𝑃𝑒

𝑝3 = {𝐸0, 𝐸0𝑆𝑖𝑛(𝜃), 0, 𝐸0𝐶𝑜𝑠(𝜃)}

𝑝4 = {𝐸0, −𝐸0𝑆𝑖𝑛(𝜃), 0, −𝐸0𝐶𝑜𝑠(𝜃)}



Photon polarization vectors

Instant form

𝜖𝜇 𝑝,+ = −
1

2 Ԧ𝑝
(0,

−𝑝𝑥𝑝𝑧+𝑖𝑝𝑦 Ԧ𝑝

|𝑝˔|
,
−𝑝𝑦𝑝𝑧−𝑖𝑝𝑥 Ԧ𝑝

|𝑝˔|
, |𝑝˔|)

𝜖𝜇 𝑝,− =
1

2 Ԧ𝑝
(0,

−𝑝𝑥𝑝𝑧−𝑖𝑝𝑦 Ԧ𝑝

|𝑝˔|
,
−𝑝𝑦𝑝𝑧+𝑖𝑝𝑥 Ԧ𝑝

|𝑝˔|
, |𝑝˔|)

Chueng-Ryong Ji, Alfredo Takashi Suzuki PhysRevD.87.065015

Constraints

𝜖𝜇 𝑝, λ 𝑝𝜇 = 0

𝜖∗ 𝑝, λ . ϵ 𝑝, λ′ = −𝛿λλ′

𝑔𝜇ν =

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

https://arxiv.org/search/hep-th?searchtype=author&query=Ji,+C
https://arxiv.org/search/hep-th?searchtype=author&query=Suzuki,+A+T
https://arxiv.org/ct?url=https://dx.doi.org/10.1103/PhysRevD.87.065015&v=0734e8db


Instant form covariant helicity amplitude

𝑀𝑡
++ =

−2𝑝𝑒
2𝑆𝑖𝑛2(𝜃)

𝐸0
2 +𝑚2 + 𝑝𝑒

2 − 2𝐸0𝑃𝑒𝐶𝑜𝑠(𝜃)
= 𝑀𝑡

−−

𝑀𝑢
++ =

−2𝑝𝑒
2𝑆𝑖𝑛2(𝜃)

𝐸0
2 +𝑚2 + 𝑝𝑒

2 + 2𝐸0𝑃𝑒𝐶𝑜𝑠(𝜃)
= 𝑀𝑢

−−

𝑀𝑡
+ − =

2𝑝𝑒
2𝑆𝑖𝑛2(𝜃)

𝐸0
2 +𝑚2 + 𝑝𝑒

2 − 2𝐸0𝑃𝑒𝐶𝑜𝑠(𝜃)
= 𝑀𝑡

− +

𝑀𝑢
+− =

2𝑝𝑒
2𝑆𝑖𝑛2(𝜃)

𝐸0
2 +𝑚2 + 𝑝𝑒

2 + 2𝐸0𝑃𝑒𝐶𝑜𝑠(𝜃)
= 𝑀𝑢

−+

𝑀𝑠𝑒
++= 𝑀𝑠𝑒

−− = 2

𝑀𝑠𝑒
+−= 𝑀𝑠𝑒

−+ = 0

Cross section of a  2 → 2 process 

𝑑𝜎

𝑑Ω
∝ |𝑀|2

|𝑀|2 = ෍

λ1,λ2

|𝑀𝑡
λ1,λ2 +𝑀𝑢

λ1,λ2 +𝑀𝑠𝑒
λ1,λ2|2

= 4 1 + 1 −
2𝑝𝑒

2𝑆𝑖𝑛2(𝜃)

𝐸0
2 − 𝑝𝑒

2𝐶𝑜𝑠2(𝜃)

2

; 𝐸0
2= 𝑚2 + 𝑝𝑒

2



𝑀 = (−𝑝1 + 𝑞1)
𝜇𝜀𝜇

∗(𝑝3, λ3)
1

𝑞1
2−𝑚2 (𝑝2 + 𝑞1)

ν𝜀ν
∗(𝑝4, λ4)

+ (−𝑝1 + 𝑞2)
ν𝜀ν

∗(𝑝4, λ4)
1

𝑞2
2−𝑚2 (𝑝2 + 𝑞2)

𝜇 𝜀𝜇
∗(𝑝3, λ3 )

−2𝑔𝜇ν𝜖
∗𝜇(𝑝3, λ3)𝜀

∗ν (𝑝4, λ4)

Calculating cross section as a function of Mandelstam variable. 

𝑀 = 𝜀𝜇
∗(𝑝3, λ3)𝜀ν

∗(𝑝4, λ4)[𝐽
𝑡𝜇ν + 𝐽𝑢𝜇ν+ 𝐽𝑠𝑒𝜇ν]

|𝑀|2 = [𝐽𝜇ν
𝑡 + 𝐽𝜇ν

𝑢 + 𝐽𝜇ν
𝑠𝑒] [𝐽𝑡𝜇ν + 𝐽𝑢𝜇ν+ 𝐽𝑠𝑒𝜇ν]

෍

λ

𝜀𝜇
∗ 𝑝, λ 𝜖𝜇′ 𝑝, λ = −𝑔𝜇𝜇′

𝑠 = (𝑝1 + 𝑝2 )
2

𝑡 = (𝑝3 − 𝑝1 )
2= 𝑞1

2

𝑢 = (𝑝4 − 𝑝1 )
2= 𝑞2

2

𝑠 + 𝑡 + 𝑢 = 2𝑚2



|𝑀|2 = 4
𝑡 + 𝑚2

𝑡 − 𝑚2

2

+
𝑢 + 𝑚2

𝑢 − 𝑚2

2

+ 4
𝑡 + 𝑚2 𝑢 + 𝑚2 − 2𝑡𝑢

(𝑡 − 𝑚2)(𝑢 − 𝑚2)
+ 4

= 4 1 + 1 −
2𝑆𝑖𝑛2(𝜃)

𝐸0
2

𝐸0
2 −𝑚𝑒

2 − 𝐶𝑜𝑠2(𝜃)

2



Interpolating Dynamic

Self-Organizing QFT and

NCSU Interpolation

Chueng-Ryong Ji

𝑥ෝ+

𝑥෡1

𝑥෡2

𝑥ෝ−

=

𝑐𝑜𝑠(𝛿) 0 0 sin(𝛿)
0 1 0 0
0 0 1 0

sin(𝛿) 0 0 −𝑐𝑜𝑠(𝛿)

𝑥0

𝑥1

𝑥2

𝑥3

𝑔ෝ𝜇ොν =

𝑐𝑜𝑠(2𝛿) 0 0 sin(2𝛿)
0 −1 0 0
0 0 −1 0

sin(2𝛿) 0 0 −𝑐𝑜𝑠(2𝛿)



𝑀𝑡
ෝ+ෝ+ =

2(−𝑝𝑒
2𝐶𝑜𝑠2 𝛿 + 𝐸0

2𝑆𝑖𝑛2 𝛿 )𝑆𝑖𝑛2(𝜃)

𝐴𝑏𝑠[𝐶𝑜𝑠2 𝛿 − 𝐶𝑜𝑠2 𝜃 𝑆𝑖𝑛2 𝛿 ][𝐸0
2 +𝑚2 + 𝑝𝑒

2 − 2𝐸0𝑃𝑒𝐶𝑜𝑠 𝜃 ]
= 𝑀𝑡

ෝ−ෝ−

Interpolating helicity amplitude

𝑀𝑢
ෝ+ෝ+ =

2(−𝑝𝑒
2𝐶𝑜𝑠2 𝛿 + 𝐸0

2𝑆𝑖𝑛2 𝛿 )𝑆𝑖𝑛2(𝜃)

𝐴𝑏𝑠[𝐶𝑜𝑠2 𝛿 − 𝐶𝑜𝑠2 𝜃 𝑆𝑖𝑛2 𝛿 ][𝐸0
2 +𝑚2 + 𝑝𝑒

2 + 2𝐸0𝑃𝑒𝐶𝑜𝑠 𝜃 ]
= 𝑀𝑢

ෝ−ෝ−

𝑀𝑠𝑒
ෝ+ෝ+ = 1 −

𝑆𝑖𝑛2 𝛿 2 + 𝑆𝑖𝑛2 𝜃 − 1

𝐴𝑏𝑠 𝐶𝑜𝑠2 𝛿 − 𝐶𝑜𝑠2 𝜃 𝑆𝑖𝑛2 𝛿
= 𝑀𝑠𝑒

ෝ−ෝ−

𝐸0 = 2𝑚𝑒

𝑃𝑒 = √3𝑚𝑒



𝑀𝑡
ෝ+ෝ− =

2(𝑝𝑒
2𝐶𝑜𝑠2 𝛿 − 𝐸0

2𝑆𝑖𝑛2 𝛿 )𝑆𝑖𝑛2(𝜃)

𝐴𝑏𝑠[𝐶𝑜𝑠2 𝛿 − 𝐶𝑜𝑠2 𝜃 𝑆𝑖𝑛2 𝛿 ][𝐸0
2 +𝑚2 + 𝑝𝑒

2 − 2𝐸0𝑃𝑒𝐶𝑜𝑠 𝜃 ]
= 𝑀𝑡

ෝ−ෝ+

𝑀𝑢
ෝ+ෝ− =

2(𝑝𝑒
2𝐶𝑜𝑠2 𝛿 − 𝐸0

2𝑆𝑖𝑛2 𝛿 )𝑆𝑖𝑛2(𝜃)

𝐴𝑏𝑠[𝐶𝑜𝑠2 𝛿 − 𝐶𝑜𝑠2 𝜃 𝑆𝑖𝑛2 𝛿 ][𝐸0
2 +𝑚2 + 𝑝𝑒

2 + 2𝐸0𝑃𝑒𝐶𝑜𝑠 𝜃 ]
= 𝑀𝑢

ෝ−ෝ+

𝑀𝑠𝑒
ෝ+ෝ− = 1 +

𝑆𝑖𝑛2 𝛿 2 + 𝑆𝑖𝑛2 𝜃 − 1

𝐴𝑏𝑠 𝐶𝑜𝑠2 𝛿 − 𝐶𝑜𝑠2 𝜃 𝑆𝑖𝑛2 𝛿
= 𝑀𝑠𝑒

ෝ−ෝ+



Σ =
1

𝑞1
2−𝑚2

Covariant Propagator 

t-Channel

Time ordered amplitudes 

Σ𝑎
IFD =

1

2𝑞0𝑛
0 (𝑞1

0 − 𝑞0𝑛
0 )

Σ𝑏
IFD = −

1

2𝑞0𝑛
0 (𝑞1

0 + 𝑞0𝑛
0 )

𝑞0𝑛
0 = ( 𝑞1

2
+𝑚2)On-shell condition 

Σ = Σ𝑎
IFD+ Σ𝑏

IFD

; Ԧ𝑞1= Ԧ𝑝2- Ԧ𝑝4
𝑞1
0 = 𝑝2

0 − 𝑝4
0



Time ordering in the interpolation dynamics

Σ𝑎
δ =

𝐶

2𝑄ෝ+ (𝑞ෝ+ − 𝑄ෝ+)
Σ𝑏
δ = −

𝐶

2𝑄ෝ+ (𝑞ෝ+ + 𝑄ෝ+)

4-momentum of the intermediate scaler 

On-shell condition

𝑄ෝ𝜇 = (𝑄ෝ+ , 𝑞1 , 𝑞2 , 𝑄ෝ−)

Dispersion relation 𝑄2 = 𝑚2

𝐶 = 𝐶𝑜𝑠 2𝛿 𝑆 = 𝑆𝑖𝑛(2𝛿)

𝐶𝑄ෝ+
2 + 2𝑆𝑄ෝ−𝑄ෝ+ − 𝐶𝑄ෝ−

2 − റ𝑞2_|_ −𝑚2 = 0

Σ = Σ𝑎
δ+ Σ𝑏

δ =
1

𝑞1
2−𝑚2

𝑞ෝ+ = 𝑝2
ෝ+ − 𝑝4

ෝ+



When 𝐶 ≠ 0, the quadratic equation has two solutions

𝑄ෝ+ =

−𝑆𝑄ෝ− ± 𝑄ෝ−
2 + 𝐶( റ𝑞2_|_ +𝑚2)

𝐶

𝑄ෝ+ = 𝐶𝑄ෝ+ + 𝑆𝑄ෝ− → 𝑄ෝ+ = ± 𝑄ෝ−
2 + 𝐶( റ𝑞2_|_ +𝑚2)

When 𝐶 = 0 (Light Front), quadratic equation becomes a linear equation

𝑄ෝ+ =
റ𝑞2_|_ +𝑚2

2𝑄ෝ−

But,



t-channel time ordering process

𝐸0 = 2𝑚𝑒

𝑃𝑒 = √3𝑚𝑒

𝛿 = 0.785398~
𝜋

4

𝜃𝑐 = 0.523599~
𝜋

6



Critical annihilation angle 

𝑞1 = 𝑝2 − 𝑝4 = (0, 𝐸0𝑆𝑖𝑛 𝜃 , 0, −𝑃𝑒+ 𝐸0𝐶𝑜𝑠 𝜃 )

𝑞1
+ =

1

2
(−𝑃𝑒+ 𝐸0𝐶𝑜𝑠 𝜃 ) 𝑞1

+ > 0 →Forward 𝑞1
+ < 0 → Backward

𝑞1
+ = 0 → 𝜃𝑐,𝑡 = 𝐴𝑟𝑐𝐶𝑜𝑠

𝑃𝑒
𝐸0

In this case 𝜃𝑐,𝑡= 𝐴𝑟𝑐𝐶𝑜𝑠
√3

2
=

𝜋

6

𝑞2
+ = 0 → 𝜃𝑐,𝑢 = 𝐴𝑟𝑐𝐶𝑜𝑠

−𝑃𝑒
𝐸0

In this case 𝜃𝑐,𝑡= 𝐴𝑟𝑐𝐶𝑜𝑠
−√3

2
=

5𝜋

6



u-channel time ordering process

𝐸0 = 2𝑚𝑒

𝑃𝑒 = √3𝑚𝑒

𝛿 = 0.785398~
𝜋

4

𝜃𝑐𝑢 = 2.61799~
5𝜋

6



Critical interpolation angle

𝜃 =
𝜋

6
+ 0.1

𝜃 =
𝜋

6
= 𝜃𝑐,𝑡𝜃 =

𝜋

6
− 0.1

𝛿𝑐 = 𝐴𝑟𝑐𝑇𝑎𝑛
|𝑷|

𝐸0

𝑷 = Magnitude of the three momentum

In this case= 𝛿𝑐 = 𝐴𝑟𝑐𝑇𝑎𝑛
|𝑷|

𝐸0
= 0.713724



Chiral symmetry 𝛿 → 0

𝑚𝑒 → 0



Chiral symmetry 𝛿 → 𝜋/4







Boosted  Frame

𝜃 =
𝜋

6
− 0.1

𝜃 =
𝜋

6
= 𝜃𝑐,𝑡

𝜃 =
𝜋

6
+ 0.1



Thank you 


