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Lorentz Force Equation 

𝑚
𝑑 𝑈𝜇(𝜏)

𝑑 𝜏
= 𝑞𝐹𝜇ν𝑈ν(𝜏)

𝐹𝜇ν =

0 −𝐸𝑥 −𝐸𝑦 −𝐸𝑧
𝐸𝑥 0 −𝐵𝑧 𝐵𝑦
𝐸𝑦 𝐵𝑧 0 −𝐵𝑥
𝐸𝑧 −𝐵𝑦 𝐵𝑥 0

Electromagnetic Field Strength tensor

𝑀𝜇ν =

0 −𝐾1 −𝐾2 −𝐾3

𝐾1 0 𝐽3 −𝐽2

𝐾2 −𝐽3 0 𝐽1

𝐾3 𝐽2 −𝐽1 0

Poincare Matrix 

Correspondence between

Electric Fields and Boost 𝐸 ↔ 𝐾
Magnetic Fields and Rotation  B↔ −𝐽 • In the Light-form dynamic

𝐽1, 𝐽2, 𝐽3 , 𝐾3 -> Kinematic Operators
𝐾1, 𝐾2, -> Dynamic Operators 

• In the Instant form dynamic

𝐽1, 𝐽2, 𝐽3 -> Kinematic Operators
𝐾1, 𝐾2, 𝐾3 -> Dynamic Operators 



Interpolating Poincare Matrix

• Among the ten Poincare generators,  the six generators are always kinematic in the sense that the 𝑥ෝ+ = 0 plane 
is intact under the transformation generated by them. 

• Light-Front dynamics (LFD) has one more kinematic operator than the Instant Form dynamic (IFD).

𝐾3



Interpolating Electromagnetic Field Strength Tensor

𝐹ෝ𝜇 ෝ𝜈 =

0 −𝐸𝑥𝐶𝑜𝑠 𝛿 − 𝐵𝑦𝑆𝑖𝑛 𝛿 −𝐸𝑦𝐶𝑜𝑠 𝛿 + 𝐵𝑥𝑆𝑖𝑛 𝛿 𝐸𝑧

𝐸𝑥𝐶𝑜𝑠 𝛿 + 𝐵𝑦𝑆𝑖𝑛 𝛿 0 −𝐵𝑧 −𝐵𝑦𝐶𝑜𝑠 𝛿 + 𝐸𝑥𝑆𝑖𝑛 𝛿

𝐸𝑦𝐶𝑜𝑠 𝛿 − 𝐵𝑥𝑆𝑖𝑛 𝛿 𝐵𝑧 0 𝐵𝑥𝐶𝑜𝑠 𝛿 + 𝐸𝑦𝑆𝑖𝑛 𝛿

−𝐸𝑧 𝐵𝑦𝐶𝑜𝑠 𝛿 − 𝐸𝑥𝑆𝑖𝑛 𝛿 −𝐵𝑥𝐶𝑜𝑠 𝛿 − 𝐸𝑦𝑆𝑖𝑛 𝛿 0

• Since kinematic operators leave the 
time-invariant, their usage is beneficial 
in describing the characteristics of the 
motion with a simpler time-variant 
expression.

Kinematic Dynamic

𝑚
𝑑 𝑈ෝ𝜇(𝜏)

𝑑 𝜏
= 𝑞𝐹ෝ𝜇ෝ𝜈𝑈ෝ𝜈(𝜏)

Interpolating Lorentz force equation.



𝑚
𝑑 𝑈𝜇(𝜏)

𝑑 𝜏
= 𝑞𝐹𝜇ν𝑈ν(𝜏)

General solution of motion in a uniform electromagnetic field

Covariant Lorentz Force Equation 

According to the Quantum field theory by  Itzkson and Zuber  

For the four-vector u , introduce the 2 x 2 matrix (spinorial representation)

𝜎=Pauli matrices

Method-A



After integrating 

𝑢0(τ) = 
𝑇𝑟[ 𝑢 τ .𝐼]

2 𝑢1(τ) = 
𝑇𝑟[ 𝑢 τ .𝜎1]

2
𝑢2(τ) = 

𝑇𝑟[ 𝑢 τ .𝜎2]

2 𝑢3(τ) = 
𝑇𝑟[ 𝑢 τ .𝜎3]

2

Using Mathematica

𝒏 = 𝑬 + 𝒊𝑩 𝑎 =
𝑞

2𝑚
(𝒏2)1/2 𝒏∗ = 𝑬 − 𝒊𝑩 𝑎∗ =

𝑒

2𝑚
(𝒏∗2)1/2

• We can also calculate the space- time coordinates after integrating above equations 

Manually calculating the analytical expression 



• The complex values inside the 
square toot , derived by 
converting the values into 
polar coordinate

𝑥 + 𝑖𝑦 = 𝑟 𝑒𝑖𝜃

Simplification techniques, 

• Vector identities



• Relationship of 
trigonometric 
functions

Simplification techniques, 







• Comparing the Mathematica results with the manually calculated results. 

• Comparing the results for the special scenario mentioned in the book with the results derived from the 
most general results. 

❑ Result of the simplified scenario shown in Itzkson and Zuber’s textbook.

Electric and magnetic field are perpendicular to each other → 𝑬.𝑩=0

We confirmed our general results by,



Analytical expressions for special cases.



It seems we will have a singularity ,when 

After integrating, We also can easily find out the trajectories of 
this situation with specific initial conditions.



𝑚
𝑑 𝑈ෝ𝜇(𝜏)

𝑑 𝜏
= 𝑞𝐹ෝ𝜇ෝ𝜈𝑈ෝ𝜈(𝜏)

ሶ𝑢ෝ+

ሶ𝑢1

ሶ𝑢2

ሶ𝑢ෝ−

=
𝑞

𝑚

0 −𝐸𝑥𝐶𝑜𝑠 𝛿 − 𝐵𝑦𝑆𝑖𝑛 𝛿 −𝐸𝑦𝐶𝑜𝑠 𝛿 + 𝐵𝑥𝑆𝑖𝑛 𝛿 𝐸𝑧

𝐸𝑥𝐶𝑜𝑠 𝛿 + 𝐵𝑦𝑆𝑖𝑛 𝛿 0 −𝐵𝑧 −𝐵𝑦𝐶𝑜𝑠 𝛿 + 𝐸𝑥𝑆𝑖𝑛 𝛿

𝐸𝑦𝐶𝑜𝑠 𝛿 − 𝐵𝑥𝑆𝑖𝑛 𝛿 𝐵𝑧 0 𝐵𝑥𝐶𝑜𝑠 𝛿 + 𝐸𝑦𝑆𝑖𝑛 𝛿

−𝐸𝑧 𝐵𝑦𝐶𝑜𝑠 𝛿 − 𝐸𝑥𝑆𝑖𝑛 𝛿 −𝐵𝑥𝐶𝑜𝑠 𝛿 − 𝐸𝑦𝑆𝑖𝑛 𝛿 0

𝑢ෝ+
𝑢1
𝑢2
𝑢ෝ−

• We convert the field analogous to the dynamic generators into kinematic, using the special choice of interpolation 
angle between the fields. 

𝑇𝑎𝑛 𝛿 = −
𝐸𝑥

𝐵𝑦
=
𝐸𝑦

𝐵𝑥
, 𝐸𝑧 = 0

ሶ𝑢ෝ+(τ) = 0 𝑥ෝ+(𝜏) = 𝑈ෝ+(0)τ Direct connection between interpolating 
time and the proper time

Interpolating Lorentz force equation.Interpolating Lorentz force equation.



𝐸𝑥= −2 𝑇𝑎𝑛 𝜋/6 , 𝐸𝑦 =𝑇𝑎𝑛 𝜋/6 , 𝐸𝑧 = 0

B𝑥= 1, B𝑦 = 2, 𝐵𝑧 = 3, 𝑣𝑧 = 0.2 , 𝑞 = 1,𝑚 = 1

𝑢ෝ+

𝜏 𝛿

𝑢ෝ+(0)=0.9859

𝑥ෝ+ 𝜏 = 0.9859τ

Time-invariant plane.

𝑈ෝ+ 𝜏 = 𝑢0 τ) Cos[δ + 𝑢3(τ) Sin[δ]



Example problem Electric field --> x,  Magnetic Field --> y ,  Velocity --> z

τ=
𝑥ෝ+

𝑈ෝ+ 0

𝑥1 𝑥ෝ+ = −
𝑚 𝐶𝑜𝑠[𝛿]

𝑞 𝐵𝑦𝐶𝑜𝑠 2𝛿
𝐶𝑜𝑠 2𝛿 𝑈ෝ− 0 − 𝑆𝑖𝑛 2𝛿 𝑈ෝ+ 0 𝐶𝑜𝑠

𝑞 𝐵𝑦 𝐶𝑜𝑠[2𝛿]𝑥ෝ+

𝑚 𝐶𝑜𝑠 𝛿 𝑈ෝ+(0)
− 1

𝑥2 𝑥ෝ+ = 0

𝑥ෝ− 𝑥ෝ+ =
𝑆𝑖𝑛[2𝛿]

𝐶𝑜𝑠 2𝛿
𝑥ෝ+ +

𝐶𝑜𝑠 2𝛿 𝑈ෝ− 0 −𝑆𝑖𝑛 2𝛿 𝑈ෝ+ 0

𝐶𝑜𝑠 2𝛿

𝑚 𝐶𝑜𝑠[𝛿]

𝑞 𝐵𝑦 𝐶𝑜𝑠[2𝛿]
𝑆𝑖𝑛

𝑞 𝐵𝑦 𝐶𝑜𝑠[2𝛿]𝑥ෝ+

𝑚𝐶𝑜𝑠[𝛿]𝑈ෝ+(0)

𝐹ෝ𝜇 ොν =

0 −ExCos 𝛿 − BySin 𝛿 0 0

ExCos 𝛿 + BySin 𝛿 0 0 −ByCos 𝛿 + ExSin 𝛿
0 0 0 0
0 ByCos 𝛿 − ExSin 𝛿 0 0

Ex= −By 𝑇𝑎𝑛 𝛿

Field analogous to dynamic operators 

Interpolating  space - coordinates as  functions of interpolating time



𝐶𝑜𝑠 𝛿 =
𝐵𝑦

𝐸𝑥
2 + 𝐵𝑦

2

𝑆𝑖𝑛 𝛿 =
−𝐸𝑥

𝐸𝑥
2 + 𝐵𝑦

2

𝑥 𝜏 =
2𝑚 𝐸𝑥 𝑢𝑡 0 − 𝐵𝑦𝑢𝑧 0 𝑆𝑖𝑛

𝐵𝑦
2 − 𝐸𝑥

2 𝑞𝜏

2𝑚

2

𝐵𝑦
2 − 𝐸𝑥

2 𝑞

𝑡 𝜏 = 𝑥ෝ+ τ 𝐶𝑜𝑠𝛿 + 𝑥ෝ− τ 𝑆𝑖𝑛𝛿 , 𝑥 𝜏 = 𝑥1 𝜏 , 𝑦 𝜏 = 𝑥2 𝜏 , z 𝜏 = 𝑥ෝ+ τ 𝑆𝑖𝑛𝛿 − 𝑥ෝ− τ 𝐶𝑜𝑠𝛿

𝑦 𝜏 = 0

• We also can find the general space-time coordinates as functions of proper time 

• This results also 
can be derived 
using  the general 
expressions  we  
find previously .

z 𝜏 =
𝑞𝐸𝑥 𝐵𝑦 𝑢𝑡 0 − 𝐸𝑥 𝑢𝑧 0 𝜏

𝐵𝑦
2 − 𝐸𝑥

2 +
𝐵𝑦 𝑚 −𝐸𝑥 𝑢𝑡 0 + 𝐵𝑦 𝑢𝑧 0 𝑆𝑖𝑛

𝐵𝑦
2 − 𝐸𝑥

2 𝑞𝜏

𝑚

𝑞 𝐵𝑦
2 − 𝐸𝑥

2 3/2

t 𝜏 =
𝐵𝑦 𝐵𝑦 𝑢𝑡 0 − 𝐸𝑥 𝑢𝑧 0 𝜏

𝐵𝑦
2 − 𝐸𝑥

2 −
𝐸𝑥 𝑚 𝐸𝑥 𝑢𝑡 0 − 𝐵𝑦 𝑢𝑧 0 𝑆𝑖𝑛

𝐵𝑦
2 − 𝐸𝑥

2 𝑞𝜏

𝑚

𝑞 𝐵𝑦
2 − 𝐸𝑥

2 3/2



2D Trajectories 

Ex =1 , By= 0 𝑞 = 1,𝑚 = 1, 𝜏 = 2

Blue → vz=0.1 , Red → vz= 0.5,  Green → vz=0.9

Ex =0 , By= 1 𝑞 = 1,𝑚 = 1 , 𝜏 = 10

Special Cases. 



When  𝜏 ≪ 1 , 𝑧(𝜏)

𝑥(𝜏)
≈

2 𝑚𝑣

𝑞(𝐸𝑥 − 𝐵𝑦 𝑉𝑧) 𝜏

𝑉𝑧 =
𝐸𝑥
𝐵𝑦

When 𝑧 𝜏 motion more dominant

Ex =1 , By= 2 𝑞 = 1,𝑚 = 1 , 𝜏 = 10

Blue → vz=0.1 , Red → vz= 0.5,  Green → vz=0.9



Blue → vz=0.2 , Red → vz= 0.5,  Green → vz=0.8

By= 1 𝑞 = 1,𝑚 = 1

2D Trajectories 

𝑧 𝜏

𝑥 𝜏
= −

By𝑞 2 − 2vz 𝜏

𝑚 2 − vz −1 + Cosh
By𝑞𝜏
𝑚

+ Coth
By𝑞𝜏

2𝑚

When 𝐸𝑥 = 2 𝐵𝑦

𝑧 𝜏

𝑥 𝜏
|𝜏 → ∞ = 1



ሶ𝑢𝜇 =
𝑞

𝑚

0 −𝐸𝑥 −𝐸𝑦 𝐸𝑧
𝐸𝑥 0 −𝐵𝑧 −𝐵𝑦
𝐸𝑦 𝐵𝑧 0 𝐵𝑥
−𝐸𝑧 𝐵𝑦 −𝐵𝑥 0

𝑢ν

Instant Form dynamic

𝐽1, 𝐽2, 𝐽3 -> Kinematic Operators , Analogues field 𝐵𝑥, 𝐵𝑦 , 𝐵𝑧
𝐾1, 𝐾2, 𝐾3 -> Dynamic Operators , Analogues field E𝑥, 𝐸𝑦 , 𝐸𝑧

ሶ𝑢0(τ) = 0 t(𝜏) = 𝑈0(0)τ

E𝑥 = 0, 𝐸𝑦 = 0 , 𝐸𝑧 = 0

Direct connection between Euclidean  time and the 
proper time

𝑈0 0 =
1

1 − 𝑽2
= 𝛾

Special interpolating angles.



Instant form dynamic space  coordinates as  functions of Euclidean time 

𝑦 𝑡 =
vz − 𝑩 Bx𝑚 + ByBz𝑞𝑡 1 − vz2 + 𝑩Bx𝑚Cos

𝑩𝑞𝑡 1 − vz2

𝑚 + ByBz𝑚Sin
𝑩𝑞𝑡 1 − vz2

𝑚
𝑩 Τ3 2𝑞 −1 + vz2

𝑩 = Bx2+By2+Bz2

𝑥 𝑡 =
vz − 𝑩BxBz𝑞𝑡 1 − vz2 − 𝑩By𝑚 −1 + Cos

𝑩𝑞𝑡 1 − vz2

𝑚 + BxBz𝑚Sin
𝑩𝑞𝑡 1 − vz2

𝑚
𝑩 Τ3 2𝑞 −1 + vz2

𝑧 𝑡 =
vz 𝑩Bz2𝑞𝑡 1 − vz2 + Bx2 + By2 𝑚Sin

𝑩𝑞𝑡 1 − vz2

𝑚
𝑩 Τ3 2𝑞 −1 + vz2



By= 1 𝑞 = 1,𝑚 = 1 , 𝑡 = 20

Blue → vz=0.1 , Red → vz= 0.5,  Green → vz=0.9

Bx= 1 𝑞 = 1,𝑚 = 1 , 𝑡 = 20

Bx= By =1 
𝑞 = 1,𝑚 = 1

, 𝜏 = 20

Bx= By =Bz=2 
𝑞 = 1,𝑚 = 1

, 𝜏 = 20



When all Electric and magnetic fields are arbitrary in the IFD. 

After integrating and applying the initial condition.



It is not easy to solve complicated cases like this and find out the IFD space coordinate as a function 
of Euclidean time.

• we could reduce some equations of motion dynamic into kinematic by 
using different interpolation angle values.
• We can discuss more different scenarios.  



Light-Front dynamic solution.

𝐹𝜇 ν
𝐿𝐹 =

1

2

0 −𝐸𝑥−𝐵𝑦 −𝐸𝑦+𝐵𝑥 2 𝐸𝑧

𝐸𝑥 + 𝐵𝑦 0 − 2𝐵𝑧 −𝐵𝑦+𝐸𝑥

𝐸𝑦−𝐵𝑥 2 𝐵𝑧 0 𝐵𝑥+𝐸𝑦

− 2 𝐸𝑧 𝐵𝑦−𝐸𝑥 −𝐵𝑥−𝐸𝑦 0

We remove field analogous to dynamic operators 

𝐸𝑥= −𝐵𝑦, 𝐸𝑦= 𝐵𝑥

• At the Light-Front  𝛿 =
𝜋

4
, 𝐾3 becomes kinematic, Field analogous to 𝐾3 is 𝐸𝑧

𝑈+ 𝜏 = 𝑈+ 0 𝑒
𝐸𝑧 𝑞
𝑚 𝜏

𝑥+ 𝜏 =
𝑚

𝐸𝑧 𝑞
𝑈+ 0 (𝑒

𝐸𝑧 𝑞
𝑚 𝜏−1)

𝐿𝑜𝑔[𝑢ෝ+]

𝜏
𝛿

𝐵𝑥= 0.5, B𝑦 = 2, 𝐵𝑧 = 0.2, 𝑣𝑧 = 0.2 , 𝑞 = 1,𝑚 = 1, 𝐸𝑥= −2 , 𝐸𝑦 =0.5 , 𝐸𝑧 = 1

Example problem 



𝑥1 𝑥+ = −
1

𝐵𝑧 𝐵𝑧
2 + 𝐸𝑧

2 𝑞
2 𝐵𝑦 𝐵𝑧 + 𝐵𝑥 𝐸𝑧 𝑚𝑈+ 0 1 − 𝐶𝑜𝑠

𝐵𝑧

𝐸𝑧
𝐿𝑜𝑔[1 +

𝐸𝑧 𝑞𝑥+

𝑈+ 0 𝑚
]

+
1

𝐵𝑧 𝐵𝑧
2 + 𝐸𝑧

2 𝑞
2 𝐵𝑥 𝐵𝑧 − 𝐵𝑦 𝐸𝑧 𝐵𝑧 𝑞𝑥+ −𝑚𝑈+ 0 𝑆𝑖𝑛

𝐵𝑧

𝐸𝑧
𝐿𝑜𝑔[1 +

𝐸𝑧 𝑞𝑥+

𝑈+ 0 𝑚
]

𝑥2 𝑥+ =
1

𝐵𝑧 𝐵𝑧
2 + 𝐸𝑧

2 𝑞
2 𝐵𝑥 𝐵𝑧 − 𝐵𝑦 𝐸𝑧 𝑚𝑈+ 0 1 − 𝐶𝑜𝑠

𝐵𝑧

𝐸𝑧
𝐿𝑜𝑔[1 +

𝐸𝑧 𝑞𝑥+

𝑈+ 0 𝑚
]

+
1

𝐵𝑧 𝐵𝑧
2 + 𝐸𝑧

2 𝑞
2 𝐵𝑦 𝐵𝑧 + 𝐵𝑥 𝐸𝑧 𝐵𝑧 𝑞𝑥+ −𝑚𝑈+ 0 𝑆𝑖𝑛

𝐵𝑧

𝐸𝑧
𝐿𝑜𝑔[1 +

𝐸𝑧 𝑞𝑥+

𝑈+ 0 𝑚
]

𝑥− 𝑥+ =
𝑚𝑈−(0)𝑥+

(𝑚𝑈+(0) + 𝐸𝑧𝑞𝑥+)
+

𝐵𝑥2 + 𝐵𝑦2

(𝐵𝑧2+𝐸𝑧2)

2𝑚𝑈+ 0 + 𝐸𝑧𝑞𝑥+ 𝑥+

(𝑚𝑈+(0) + 𝐸𝑧𝑞𝑥+)
−
2𝑚𝑈+ 0 𝑆𝑖𝑛

𝐵𝑧
𝐸𝑧

𝐿𝑜𝑔[1 +
𝐸𝑧 𝑞𝑥+

𝑈+ 0 𝑚
]

𝐵𝑧𝑞

τ =
𝑚

𝐸𝑧 𝑞
𝐿𝑜𝑔[1 +

𝐸𝑧 𝑞𝑥+

𝑈+ 0 𝑚
]

Light-Front Space  coordinates as  functions of Light-Front time



t 𝜏 =
𝑚

𝐸𝑧 𝑞
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• We also can find the general space-time coordinates as functions of proper time 



3D Trajectories 

Blue → vz=0.2 , Red → vz= 0.5,  Green → vz=0.8

𝑞 = 1,𝑚 = 1,

𝐸𝑧 = 1 , 𝐸𝑥 = −0.2 , 𝐸𝑦 = 0.2

𝐵𝑥 = 𝐵𝑦 = 𝐵𝑧 = 0.2 𝑥+ = 1

𝜏 = 1



Conclusion 

• An alternative method to solve the equation of motion of a charged particle in a relativistic 
electromagnetic field by using an interpolating angle.

• When we put the constraint to the fields, we limits number of scenarios we can consider. 
• This method can effectively gauge the effect of the kinematic generators saving dynamical efforts 

in  solving the Lorentz force equation for different interpolating time.


