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Lorentz Force Equation

Electromagnetic Field Strength tensor

0 —-Ex —-Ey -—Ez
FHY Ex 0 —Bz By
Ey Bz 0 —Bx
Ez —By Bx 0

Correspondence between

Electric Fields and Boost £ & K
Magnetic Fields and Rotation B & —J

dUut(r) _
dt

qF*v U, (7)

Poincare Matrix
0 —-K! —K? K3
Kl 0 3 _J2
Muv = 2 3 / ]1
Kc -] 0 J
K3 ]2 _]1 0

In the Instant form dynamic

J, J?,J3 -> Kinematic Operators
K1, K?, K3 -> Dynamic Operators

In the Light-form dynamic

J, J?, J3, K3 -> Kinematic Operators
K1, K?, -> Dynamic Operators



Interpolating Poincare Matrix

.-"A - . 9 ~
K!' = —K'sind — J* cosd.

(0 DI D2 K3\

Vo _,D[ 0o J3 _xi Kfi:.f]msa‘—!(zsinri
- L = . . g . ..
f _p2 _p3 o _x2 D! = —K'cos & + J?sin 6,
\-K* K' K2 0 ) D2 — —J'sin§ — K2 cos 8.

TABLE 1. Kinematic and dynamic generators for different interpolation angles

Kinematic Dynamic
5=0 K'=-J%K*=J', J* P!, P? P3 D'=-K'.D*= K2 K* P°
0<d<m/4 ﬁ K K2, T8 P PR P D', D* K* P;
5=m/4 Kl=-E' K?=-E? J* K® P' P? P* D'=-F',D?=-F2 P-

 Among the ten Poincare generators, the six generators are always kinematic in the sense that the xt =0 plane

is intact under the transformation generated by them. . 5 - -
K K2, J°, P, P, P-

e Light-Front dynamics (LFD) has one more kinematic operator than the Instant Form dynamic (IFD).

K3



Interpolating Electromagnetic Field Strength Tensor

0 —ExCos|[8] — BySin[6] —EyCos|[6] + BxSin|d] Ez
FRY ExCos|[8] + BySin|§] 0 —Bz —ByCos|6] + ExSin|[4]
EyCos[6] — BxSin[6] Bz 0 BxCos|[6] + EySin[6]
—Ez ByCos[8] — ExSin[6] —BxCos[8] — EySin[§] 0

* Since kinematic operators leave the
time-invariant, their usage is beneficial
in describing the characteristics of the
motion with a simpler time-variant
expression.

Interpolating Lorentz force equation.
—— Kinematic Dynamic




Covariant Lorentz Force Equation

dUH*(t) (v
—— = qF"U,(7)

FT [
General solution of motion in a uniform electromagnetic field uH (1) = (EQT) u”(0)

Method-A

According to the Quantum field theory by Itzkson and Zuber
o=Pauli matrices

For the four-vector u, introduce the 2 x 2 matrix (spinorial representation)

u=ugl +u.o

OU~+ U
dr m

=

du ¢ (E+-£B E —iB g)



After integrating

E +iB E —iB
u(T) = exp 0T u(0) exp ¢—5——-0T

2m Using Mathematica

O(T) u—(T)I] 1(’[) u(‘t) .01] uz (T) _ TT[E(ZT) .07] 3 (T) u(‘c) 03]

* We can also calculate the space- time coordinates after integrating above equations

Manually calculating the analytical expression

/ q * » e
n=E+iB = (n?)1/2 n*=FE—iB * = — (n*2)1/2
¢ Zm( ) ¢ Zm( )

E +iB n.o
exp (QT.JTJ = cosh(at)I + T2 sinh(at)

*

n.ag n .o

v n?2

-

u(t) = (cash(a*r)f + sinh(a'r)) (u”(0)I +u(0).0) (cash(a*’r}f + sinh{a.*’r))

1n



Simplification techniques,

i — i
r=7roeosp y =rsinf X+ly=re
{I _|_ iy}lfﬁ — PJ.I."IE[

V2

cms% + i sin %}

V2

: v‘fl’ + Vfl’g + y2 _ \v.-';—l’ + \fl’z + yi
Vr+iy = _ + isgn(y)

The complex values inside the
square toot , derived by
converting the values into
polar coordinate

; e VE -~ B2+ /(B2 B2)2 - 4(EB)? \/ E*+B2+ v(ER B2 +4(EBY
V2 = VE2_B2+2EB = ( ﬁ V2 )
Vn2 = VE2_B? _2EB - \/E2 B+ /(E*—B%)*+4(E.B)’ \/ E?+B2+ /(7 —B)" +4(EB)”
1 \ﬁ \/f

Vnin? = | /(E? — B?)2 4+ 4(E.B)’

nxn" = (E+iB)x(E—-iB)=

nxull)xn* = —(n*.u)n+ (n“.n)u

—2iE x B.

= (Exu(0)+iB xu(0)) x (E—iB)=2iu(0) x E x B,

nxull) = Exu(0)+iB xu(0),
u(0) xn®™ = —E xu(0)+iB x u(0).

(nxu(0)).n® = (n* xn)u(0)=2iE x B).u(0).

* Vector identities



Simplification techniques,

. ; \ . \ r e ; \ . i \ sinh(2RHe(a)T) sinh(2if m{ajr)
sinh(ar) cosh(a*7) = 5 (sinh((a + a*)7) + sinh((a — a*)r)) = =200 e 0

— %511111 (qu-,lr.-"fE'1 —B?+./(E?—B?)2 + 4(E.B)?/ I_’n,-@ﬂi:}) +

e Relationship of
trigonometric
functions

! sin (q,—.llrl.-'“_E'l +B? + /(E? — B?)? + -1|;E.B}9_.-"Ifﬂm}j :

cosh(at)cosh(a®t) = = (cosh((a+ a™)7)+ cosh((a —a*)7))

(cosh(2Re(a)T) 4 cosh(2ilm(a)T)),

(qr\/EQ ~B2+ /(E?-B?)2+ 4(E.B)2)
= {cosh

b = o] =

o =

2 \/E m

(qr\/EQ +B2+ /(B2 - B?)? + 4(E-B)2)
+  cos }
V2m

sinh(ar)sinh(a*r) = = (cosh((a + a*)7) — cosh((a — a™)7))

(cosh(2Re(a)T) — cosh(2iIm(a)T)),

] ¢7\/E? - B? + \/(E? — B?2 + {(E.B)?
= —{ cosh _
2 V2m

(qr\/EQ +B? +/(E? - B?)? + 4(E-B)2)
— COSs }

b = S| =

\/§? 1



0/

e { V(E? —B?)2 + 4(E.B)? + E? + B?

vV (E? —B?)? + 4(E.B)? cosh ( Tl )

\/(E — B)g — —l(EBJZ o EQ B B2 . \/j}n
= ()]

\/( 2+ 4(E.B)?
(O E -+ B u(O)B ) \/_?TI
VFR/ )2+ 4(E.B)? “Hh(GTE/OVEnH)

EMMBBMME
V(B B - LEBP (aB/(v2m))

Vv T { E
(E2 — B?)? — 4(E. cosh ( qar ) ~ cos ( qTB
= vam o \ﬁm) }

\/E2 B2 +/(E T IED?

E2 + B2
J ++/(E T IEB).



(V(EZ-B22 - (EB)? - (B* + B)u(0) ( et )

2/(E? —B2)2 + 4{(E.B)?

V2m

(V(E?—B?? + 4([EB)” + (B2 - BY)u(0) ( i )

2\/(E? — B?)2 + 4(E.B)?

E x Bu°(0)

V2m

Vv (E2 —B2)2 + 4(E.
Eu’(0)E + Bu'(0)B

K B
. {C(}Sh ( il ) — COS ( il ) }
B)2 V2m V2m

V2y/(E? —B?)? +4

Eu’(0)B — Bu((

EB): sinh (QTE / (\/ﬁ-m.))

E (qﬂ@/ (V2m) )

V2y/(E2 —B2)2 + 4
1

(E.B)?

V2y/(E?2 —B2)2 + 4
1

EB): {(E x u(0))E+ (B x u(O))IB} sin (qﬂ%/(ﬁm))

{(E x u(0))B — (B x u(O))E} sinh (QTE/(\/im.))

V2y/(E2 —B2)2 + 4

(E.B)?

(Eu(0)E + (B.u(0))B) {cosh ( g7 ) — COS ( 78 ) }

V(E2 —B2)2 + 4(E.

B)2 V2m V2m



We confirmed our general results by,
* Comparing the Mathematica results with the manually calculated results.

* Comparing the results for the special scenario mentioned in the book with the results derived from the
most general results.

O Result of the simplified scenario shown in Itzkson and Zuber’s textbook.

u(0) = I

Electric and magnetic field are perpendicular to each other 2> E. B=0

E? + B?
u(r) = [ci::»sh2 (at) + sinh? {ar) —“Lz—}f

: E g ExB
+ | 2 sinh (at) cosh {ar) ( + 2 sinh” {ar) -G
n

2)1;2 n2



Analytical expressions for special cases.

E

|
-

11 E
(1) = u”(0)cosh (fﬂ |T) +

m

u(r) = u(0)+ (E-u(0))E (—1 + cosh (Q‘E‘T)) 4

EQ

E.u(0)
E|

m

(e ()

. (q|E\ T)
sinh i
m

m

Eu"(0)

E|

- Bxu(0)

B

. E
sinh (g| U
m

Sin (

)

q|B|t

m

)



It seems we will have a singularity ,when E2_B2 =0 EB=0

WO(r) = u°(0)(1+ g*(E* + B*)r? n gE.u(0)r B ¢*(E x B).u(0)r?

' Am? m 2m2 ’

2(E2 + B%)7? 2F « Bu?(0Vr2  oEu?(0)r  oB 0V

air) = u(0) (1~ CEABITN  CEXBUO)7 | E(0)7  ¢B x u(0)

' ' 4m? 2m?2 m m

¢*((E.u(0))E + (B.u(0))B)7?
_|_ : J
2m?2

After integrating, We also can easily find out the trajectories of
this situation with specific initial conditions.



Interpolating Lorentz force equation.

d Uﬁ(r) . vy
P qF* Uy (7)
ut 0 —ExCos[&] — BySin[6] —EyCos[d] + BxSin[d] Ez Uz
ul)l_ 4 ExCos[6] + BySin|d] 0 —Bz —ByCos[6] + ExSin[6] || uz
42 | m| EyCos[8] — BxSin[6] Bz 0 BxCos[8] + EySin[5] Us
u° —Ez ByCos[8] — ExSin[§] —BxCos[8] — EySin[5] 0 u=

We convert the field analogous to the dynamic generators into kinematic, using the special choice of interpolation
angle between the fields.

Ex Ey
Tan[5]=—B—y=B—x, Ez=0
ufr(r) =0 x¢(‘[) = U¢(0)T Direct connection between interpolating

time and the proper time



U* (1) = u(t) Cos[8] + u3(t) Sin[8]

u*(0)=0.9859

x* () = 0.9859t

—— Time-invariant plane. Ex= —2Tan|[r/6], Ey =Tan|r/6] ,Ez = 0

Bx=1,By =2,Bz=3,vz=02,g=1m=1



Example problem

Electric field --> x, Magnetic Field -->y, Velocity -->z

0 —ExCos[6] — BySin[6] 0 0

FRY — ExCos[6] + BySin[6] 0 0 —ByCos[6] + ExSin[6]
0 0 0 0
0 ByCos[&] — ExSin[é] 0 0

Field analogous to dynamic operators

Ex= —By Tan[§]

-~

+

X Interpolating space - coordinates as functions of interpolating time

o
T m Cos[d] ~ _ 2 quJCos[ZcS]xJAr
x1(xt)=-— (q ByCos[2 5]> (005[25] U~(0) — Sin[26]U (0)) (Cos  Cos[31U7 (0) ] — 1)
xi(x?r) =0

~¢ 3\ _ Sin[26] 7 Cos[25]Uz(o)—Sin[ZS]U?f(o)‘( m Cos[8] ) . [quJCos[Z&]x’Ar
X (x ) X +{ Cos[25] q By\/Cos[28] Sin m Cos[8§]U*(0)



* We also can find the general space-time coordinates as functions of proper time

t(t) = xT()Coss + x~(DSins, x() =x(), y()=x2(1), 2(7) = x*(0)Sind — x~(t)Cosé

—Ex
Sin(§) = ——— Cos(8) = By

By(By u; (0) — Ex u, (0))z - Ex m (Ex u, (0) — By u, (0))Sin

/33% —EZ qt

t(7r) = > > m * This results also
By — Ex q(BZ — E,%)g/2 can be derived
, using the general
expressions we
/BZ —E2 gt . :
Yy = find ly .
- 2m (Ex u, (0) — Byu, (0))Sin - y(r) =0 ind previously
x(7) =
(B} — EX)a
/Byz —EZ qt
- aEx(By u; (0) — Exu, (0))r B m(—Ex ug (0) + By u, (0))Sin —
z(t) =

B s TR



Special Cases. 2D Trajectories z(1)

Z(1)

L ¥(T)

W7

—
2
a2
=
n
T

Ex=1,By=0g=1m=1,t=2

z (tT) Exqvzt

_ Ex=0,By=1g=1m=1,7 =10
x (T)

m [I—Cnﬁh[%]]

Blue & vz=0.1, Red = vz=0.5, Green = vz=0.9



z () 2mvz {q (—EEyEx+ (By2+Ex2} vz}} T

{{Ey - Ex) (By + Ex) q° {—4 By Ex + By® vz + 3 Ex? vz}} r?

x (t) (Exg-Bygqvz) t & (m (Ex - By vz))

When 7K 1, z(1) 2m,
x(T) Q(Ex - By Vz) T

When V,=— z(7) motion more dominant

Ex=1,By=2 g=1m=1,7 =10

Blue & vz=0.1, Red = vz=0.5, Green = vz=0.9

_ +0[z]®
36@ (m” (Ex - By vz) )

6 F




2D Trajectories

When E, = /2 B,

00000

@ _ Byq (V2 — 2vz)t
O™ a1 con )

Bvgrt
+ Coth [ﬂ]
m

z(7)

— =1
x(r) |T—>oo

By=1g=1m=1

Blue = vz=0.2, Red = vz= 0.5, Green = vz=0.8



Special interpolating angles.

Instant Form dynamic

0 —Ex —-Ey Ez
o _ a4 Ex 0 -—Bz -By J1, J?, ] ->Kinematic Operators , Analogues field Bx, By , Bz
W) = m\ Ey Bz 0 gy | (W) K, K?, K3 -> Dynamic Operators , Analogues field Ex, Ey , Ez
—Ez By —Bx 0

Ex=0,Ey=0,Ez=0

Direct connection between Euclidean time and the
proper time

WOt)=0  t(r) = U°0)t «



Instant form dynamic space coordinates as functions of Euclidean time

B = Bx?+By?+Bz?

V1 — v72 V1 — v 2
VZ <—\/EBXBZC]tV1 —vz2 —vVBBym (—1 + Cos [\/eq n”lt vz D + BxBzmSin [\/eq rrlz vz D

t) =

x(t) B3/2g(—1 + vz2)
V1 — vz2 V1 — vz?2
VZ (—\/E(me + ByBzgtv1 — sz) + vVBBxmCos [\/eq n,lt vz ] + ByBzmSin [\/eq ni AL D

t) =

y(t) B3/2q(—1 + vz2)
V1 — vr2
o VZ (\/EBzzqt\M —vz? + (Bx? + By*)mSin [\/eq Trll - ])
z(t) =

B3/2q(—1 + vz2)



Bx= By =1
gq=1m=1
, T =20

*(t)

By=1g=1m=1,t =20 Bx=1g=1m=1,t =20

-E Bx= By =Bz=2
Blue 2 vz=0.1, Red = vz=0.5, Green = vz=0.9 I | gq=1m=1
a4 ,T =20



When all Electric and magnetic fields are arbitrary in the IFD.

d*t(T)
2

After integrating and applying the

dt(T)
d

dr(T)

q dzr(T) dy(7) dz(7)
m (EIT+Ev a TR )
q dt(7) dy(T) ﬂ-’f{ﬂ)
2 E B.—_ _B ~
m( T odr M dT ¥odr '
q dt(T) dr(T) dz(T)
4 (g2 g +p 20
m( ¥ odr ° dr Todr )7
dt(T) dr(T) dylT
4 (EL n BL.L _ B, y{:}) _
i T dr T

initial condition.
2L (Bxa(r) + Eyy(r) + B.2(1) + u,(0).
q _ _ i
- (Ert(T) + B:y(t) — Byz(T1)),
L (Eyt(r) — B:a(r) + Bz2(r)),
ir

= (E=t(r) + Bya(r) — Bay(7)) + u: (0).



d*t(T) . qE-

— - F{.:E + B2 — E2)t(7) + (E.By — EyB.)2() + (E2B. + E. B )y(r) + (Ey By — ExBy)2(7 1)+,
@ Jl" _ m L ((E,B. + E.B)t(r) + (E2 — B2 — B2)x(7) + (EE, — B,B,)y(r) + (E,E. + B,B.)2(7))
T _[Erﬂt{l:'," - -Eyli:ﬁn}j-
d*u[r

- E{.:E By — E;:B:)t(7) + (Ez By — B:By)z(1) + (E; + B — B2)y(7) + (EyE: + ByB.)z(7))

n —[E. w, (0) + Byu.(0)),

d=z(T) B E{{EB_EH}E{}—LE'E +BB‘|J“[’I—{EE+EB}H|‘J1—[E‘?+B'—E} }}—?uz

It is not easy to solve complicated cases like this and find out the IFD space coordinate as a function
of Euclidean time.

* we could reduce some equations of motion dynamic into kinematic by
using different interpolation angle values.
* We can discuss more different scenarios.



Light-Front dynamic solution.

Example problem

0 —Ex—By —Ey+Bx 2Ez
iy 1 | Ex + By 0 —/2Bz —By+Ex
Frop = —
V2 Ey—Bx V2 Bz 0 Bx+Ey
—2Ez By—-Ex —Bx—Ey 0

* Atthe Light-Front § = %, K3 becomes kinematic,

Ezq
Ut(z) =U*(0)em "

X+ () = %uwm@%’—n

Bx=05,By=2,Bz=02,vz=02,g=1m=1,

Ex=-2 ,Ey=05,Ez=1

We remove field analogous to dynamic operators

Ex= —By,

Ey= Bx

Field analogous to K3 is Ez




Light-Front Space coordinates as functions of Light-Front time

_m o Ezgx*
=g P9 o
x1(xt) = — V2(By Bz + Bx Ez2)mU*(0) [ 1 — Cos bz Log[1 + k2 qx+]
~ T Bz(BZ + E2)q Y Ez "IV T T 0)m
' ' _[Bz Ez gx™
+BZ(BZZ T EDq [\/Q(Bx Bz — By Ez) (Bz qx*™ —mU™(0)Sin [E Log[1 + U+(O)m]]>]
x?(xt) = - V2(Bx Bz — By Ez)mU*(0) [ 1 — Cos bz Log[1 + d qx+]
~ Bz(BZ + E2)q Y Ez "I T U (0m
! V2(By Bz + Bx Ez) | Bz qx* * 'BZL1EZCIX+
+BZ(BZZ+EZZ)q[ (By Bz + Bx Z)( zgxt —mU (O)Sln[E og| +U+(O)m]]>]
o [B Ez gx*
~ - mU—(o)x+ (sz +By2) (2mU+(O)+Equ+)x+ 2mU (O)Sln lE_i LOg[l +%]]
x(x7) = (mU+(O)+Equ+)+ (Bz?+Ez?) (mU*(0) + Ezqx*) Bzq



* We also can find the general space-time coordinates as functions of proper time

t(7) = x (T)\;-_x (1) x(7) = xl(T) y(1) = xz(‘[) 2(7) = %

t(z) = %q( u; (0) — u, (0) [1 —Co h(EZqT)D

m(u, (0) + u, (0)) 2 2o Ezqrt 2 (EzqTt
+ Bz Ezq (B2 1 E2) (BZ [Bx + By Sinh <T) )] — Ez(BZ + Bj) Sin -

Ezqt

_ _ Bx m(ue (0)+ u; (0)) . e m (BxBz—ByEz)m(ug (0)+ uy (0))
X(T) - BzEzq + Ez(Bz2%+Ez%)q
(ByBz + BxEz)m(u; (0) + u, (0))Cos Bfr?r] (BxBz — ByEz)m(u; (0) + u, (0))Sin Bfriﬂ]
+ Bz(Bz? + Ez%)q B Bz(Bz? + Ez?)q
Ezqrt
o) = Bym(u; (0) + u, (0)) N e m (ByBz+ BxEz)m(u; (0) + u, (0))
Y= BzEzq Ez(Bz? + Ez?)q
(BxBz — ByEz)m(u; (0) + u, (0))Cos [Bfgr] (ByBz + BxEz)m(u; (0) + u, (0))Sin [qur]

Bz(Bz? + Ez?)q Bz(Bz? + Ez?)q

2(r) = 22— u (0) —  (0) |1 - Cosh (EL5)])

~ m(u, (0) + u, (0))) ( . [B,g + B2sink (Ez nf T> )] EB 4 B i (Ez

Bz Ez q (BZ + E2)

q r>)



3D Trajectories

05

Ez=1,Ex=—-02,Ey =0.2
Bx =By =Bz =0.2 xt =1
q=1m=1,

Blue 2 vz=0.2, Red = vz=0.5, Green = vz=0.8



Conclusion

An alternative method to solve the equation of motion of a charged particle in a relativistic
electromagnetic field by using an interpolating angle.

When we put the constraint to the fields, we limits number of scenarios we can consider.

This method can effectively gauge the effect of the kinematic generators saving dynamical efforts
in solving the Lorentz force equation for different interpolating time.



