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Out Line

• Summary of the last talk
- Novel basis set of the scaled interpolating 

variable
- Key features of Poincare operators 

• Spin operator

• Poincare Algebra

• Translation operator 
-Different approaches and references 



Novel Interpolating Basis

The interpolating space-time coordinate between Instant Form Dynamic and Light-Front Vacuum are defined by a 
transformation from the ordinary space-time coordinates, 

The new interpolating basis in the ordinarily interpolating basis



Note: In ordinarily Interpolation transformation in IFD, invert the direction of z direction in the IFD 

( 𝑥ෝ− → −𝑥3 ).
: Orthogonal basis set for all interpolation angle   

Novel basis

• Skew coordinate system ( all interpolation angle except 𝛿 → 0)





Lorentz transformation related to the new interpolating basis can be written as



𝑀𝜇ν =

0 −𝐾1 −𝐾2 −𝐾3

𝐾1 0 𝐽3 −𝐽2

𝐾2 −𝐽3 0 𝐽1

𝐾3 𝐽2 −𝐽1 0

Poincare Matrix Interpolating Poincare Matrix

Boost and Rotation operators in 4-vector representation  





• Similar to the 𝑒−𝑖𝜃𝑦𝐽
2

, but here we have 𝑒−𝑖𝛼1𝐽
2

• It seems           play the role of  rotation around y axis 
starting from the IFD to LF vacuum with this new basis   

• Kinematic operator        exclusively independent of 
interpolation angle  in the new basis



• Kinematic operator        exclusively 
independent of interpolation angle  in the 
new basis

• Similar to the 𝑒𝑖𝜃𝑥𝐽
1

, but here we have 𝑒𝑖𝛼2𝐽
1

• It seems           play the role of  rotation around x- axis starting 
from the IFD to LF vaccume with this new basis   
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Spin Operator

Generalized Helicity operator

Jackob-Wick Helicity

Light-front helicity



Generalized Helicity operator

Magnitude of the total momentum in the new basis

This valid for any interpolation angle in the basis, It seems the structure is invariant throughout 

=



→

Jackob-Wick Helicity

LF-zero-mode

a = finite value



Poincare Algebra in the new basis ( 45 commutation relations) 

All the commutation relation has been calculated previously , are considered ordinarily  covariant and contravariant form.



𝛿 → 0, 𝑃0, 𝐾3 = 𝑖𝑃3 𝑃3, 𝐾3 = 𝑖𝑃0

𝛿 →
𝜋

4
, 𝑃+ → 0, Kinematic behavior of the longitudinal boost

𝐽3 is kinematic operator for all 
interpolation angle 

Kinematic operators  in all range of 
interpolation angle

𝛿 → 0, 𝑃0, 𝐾1 = 𝑖𝑃1

𝑃0, 𝐾2 = 𝑖𝑃2

𝑃3, 𝐾1 = 0

𝑃3, 𝐾2 = 0

𝛿 →
𝜋

4
, 𝑃+ → 0,

Infinite longitudinal momentum ->  negligible  𝑃1 and 𝑃2

Commutation relations still give finite values



Poincare Generators in spinor representation 
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Approach- 1

𝑡′ = 𝑡 + 𝑎𝑡 𝑧′ = 𝑧

𝑧′ = 𝑧 + 𝑎𝑧𝑡′ = 𝑡

𝑧′ = 𝑣𝑡 +z𝑡′ = 𝑡

• Time translation 

• Space translation in z-direction

• Boost in z-direction

𝑡′
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=
1 0
𝑣 1

𝑡
𝑧

One dimensional non-relativistic
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=
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=

0 0
0 1

Commutation 
Relations

𝐻, 𝑃3 =0

𝐻, 𝐾3 = - 𝐾3

𝑃3, 𝐾3 = 𝐾3



𝑃3, 𝐻 =0

𝐾3, 𝑃3 =0

𝐾3, 𝐻 = 𝑃3



𝐻, 𝑃3 =0

𝐻, 𝐾3 = i 𝑃3



𝐾1 =

0 0 0 0 0
0 0 i 0 0
0 i 0 0 0
0 0 0 0 0
0 0 0 0 0

𝐾2 =

0 0 0 0 0
0 0 0 i 0
0 0 0 0 0
0 i 0 0 0
0 0 0 0 0

𝐾3 =

0 0 0 0 0
0 0 0 0 i
0 0 0 0 0
0 0 0 0 0
0 i 0 0 0

To include translation operator in the four-vector representation, we have to increase one dimension .

𝐽1 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 −i
0 0 0 i 0

𝐽2 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 i
0 0 0 0 0
0 0 −i 0 0

𝐽3 =

0 0 0 0 0
0 0 0 0 0
0 0 0 −i 0
0 0 i 0 0
0 0 0 0 0

𝑃0 =

0 0 0 0 0
i 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

𝑃1 =

0 0 0 0 0
0 0 0 0 0
−i 0 0 0 0
0 0 0 0 0
0 0 0 0 0

𝑃2 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
−i 0 0 0 0
0 0 0 0 0

𝑃3 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
−i 0 0 0 0

• Satisfy usual Poincare algebra

Approach-02



P= 𝑒−𝑖 𝑎
𝜇𝑃𝜇 = 𝑒−𝑖 𝑔𝜇ν𝑎

𝜇𝑃νTranslation operator

1
𝑥0 + 𝑎0

𝑥1

𝑥2

𝑥3

=

1 0 0 0 0
a0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

1
𝑥0

𝑥1

𝑥2

𝑥3

𝑃0 Operator in the {x0,x1,x2,x3} basis 

𝑒−𝑖 𝑎
0𝑃0

𝑃1 Operator in the {x0,x1,x2,x3} basis 

1
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1𝑃1

𝑃2 Operator in the {x0,x1,x2,x3} basis 

1
𝑥0

𝑥1

𝑥2 + 𝑎2
𝑥3

=

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
a2 0 0 1 0
0 0 0 0 1

1
𝑥0

𝑥1

𝑥2

𝑥3

𝑒𝑖 𝑎
2𝑃2

𝑃3 Operator in the {x0,x1,x2,x3} basis 

1
𝑥0

𝑥1

𝑥2

𝑥3 + 𝑎3

=

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
𝑎3 0 0 0 1

1
𝑥0

𝑥1

𝑥2

𝑥3

𝑒𝑖 𝑎
3𝑃1















Conclusion

• Kinematic Poincare generators in the basis of scaled interpolating variables produce 
similar matrix structures of them in the  Euclidean basis. 

• The  kinematic operators          ,       plays the role of rotation around y and x-axes in the 
new basis for all interpolation angle        

• Translation operator matrix structure is more non-trivial in the Four vector
representation

• Try to find the four- vector representation of the translation operators in the four 
dimensions.

• Understanding the extra dimension in the (5x5) matrix in the four- vector 
representation of  translation operators

Future work



Thank you


