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Overview of the Nambu-Jona-Lasinio model

NJL model is a low energy effective theory of the strong
interaction, that mimics many key features of QCD. Thus,
it is a useful tool to help understand non-perturbative
phenomena in low energy QCD.

Only quarks as the explicit degrees of freedom, no gluons.

Dynamics due to gluon-quark interaction and gluon
self-couplings are absorbed into the four-fermion contact
interaction.

Local chiral symmetry is explicitly broken by non-vanishing
current quark mass.

Chiral symmetry is also dynamically broken, generating a
mass gap.

Axial anomaly can be incorporated by introducing a
determinant term, leading to six-point interaction.
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Overview of the Nambu-Jona-Lasinio model

The NJL Lagrangian shares the same symmetry as QCD
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Overview of the Nambu-Jona-Lasinio model

original NJL
Nambu and Jona-Lasinio, Phys. Rev. 122, 345; Phys. Rev.
124, 246.

Nucleons are the fundamental degrees of freedom.
Is formulated in analogy to superconductivity.
Nucleon-antinucleon form Cooper-like pair.
Goldstone boson occurring in the theory is identified as
pion.
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Overview of the Nambu-Jona-Lasinio model

subsequent NJL
e.g., S. P. Klevansky, Rev. Mod. Phys. 64, 649

Quarks as the fundamental d.o.f.
Many successes in the study of meson and baryon
properties.
Did not have confinement.
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Overview of the Nambu-Jona-Lasinio model

confining NJL
H. Mineo et. al, Nucl. Phys. A 735, 482

Confinement is simulated by the introduction of an infrared
cutoff in the proper-time regularization scheme.
Doing this eliminates free quark propagation (it gets rid of
the imaginary part of hadron decaying into quarks).
In a way that maintains covariance.
We calculate PDF, FF, TMD, GPD, etc. with this model,
as well as study nucleon in-medium modification, and the
binding of atomic nuclei.
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Proper-time regularization scheme

As an effective theory, NJL model is non-renormalizable, thus it
needs a regularization prescription in order to be well-defined.
We use the proper-time regularization scheme

1

X
=

1

(n− 1)!

∫ ∞

0
dτ τn−1e−τX

−→ 1

(n− 1)!

∫ 1/Λ2
IR

1/Λ2
UV

dτ τn−1e−τX ,

where X represents a product of propagators that have been
combined using Feynman parametrization. Only the ultraviolet
cutoff ΛUV is needed to render the theory finite, while ΛIR is
introduced to mimic confinement.
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NJL Lagrangian
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Mass gap equation
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Mass gap equation

The dressed quark propagator thus has the solution
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Bethe-Salpeter equation

This works for both meson and diquark very similarly.
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Bethe-Salpeter vertices
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Approximated diquark propagator

In the following I use scalar diquark as an example.
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Approximated diquark propagator

We use “contact+pole” approximation for the meson/diquark
propagator, namely
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Faddeev equation
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Faddeev equation
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Faddeev equation
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Faddeev equation

The nucleon vertex function is parametrized by
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Model parameters

The two-flavor NJL has the following parameters:

q̄q couplings: Gπ, Gρ, Gω

qq couplings: Gs, Ga

masses: mu = md

regularization: ΛIR, ΛUV

We assign values a priori to the following parameters:

ΛIR and M

The remaining parameters can then be fixed by

ΛUV ↔ fπ
Gπ,ρ,ω ↔ mπ,ρ,ω

Gs, Ga ↔ MN , M∆
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Model parameters

The ΛUV and Gπ together is determined by the pion decay
constant and pion mass.

From this we can obtain

fπ = −12i
√

ZπM

∫
d4k

(2π)4
1

(k2 −M2) ((k + q)2 −M2)
|q2=m2

π
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Model parameters

Solving the Bethe-Salpeter equation gives

where i means various either q̄q or qq channels,
i = π, ρ, ω; s, a, etc.
Also in this way, mρ and mω determine Gρ and Gω, respectively.
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Model parameters

Gs and Ga are determined by solving the two Faddeev
equations for the nucleon and the delta baryon.
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