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The democracy of light-front components and the zero mode issue

Manifestly covariant calculation of the transition form factor

Scalar meson → γ∗γ∗ Transition Form Factor in 1+1-d
scalar model: Manifestly covariant calculation

Figure: One-loop covariant Feynman Diagrams that contribute to the
S → γ∗γ∗ transition form factor

The total amplitude consists of these three Feynman diagrams,
i.e., the direct (D), crossed (C), and the seagull (S) diagrams,
where p is the momentum of the incident scalar meson, while q is
the momentum of the emitted photon. As a result of momentum
conservation, q′ = p − q is the momentum of the final state
photon.
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The democracy of light-front components and the zero mode issue

Manifestly covariant calculation of the transition form factor

From gauge invariance argument, we can know that the total
amplitude Γµν is of the form

Γµν = F (q2, q′2)
(
gµνq · q′ − q′µqν

)
, (1)

which satisfies both

qµ
(
gµνq · q′ − q′µqν

)
= 0 (2)

and
q′ν

(
gµνq · q′ − q′µqν

)
= 0, (3)

so that the form factor can be obtained by

F (q2, q′2) =
Γµν

gµνq · q′ − q′µqν
. (4)
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The democracy of light-front components and the zero mode issue

Manifestly covariant calculation of the transition form factor

The amplitude Γµν is calculated as such, following the Feynman
rules for the scalar field theory.

Γµν =ΓµνD + ΓµνC + ΓµνS

=ie2gs

∫
d2k

(2π)2

{
(2p − 2k − q)µ (p − 2k − q)ν

((p − k − q)2 −m2) ((p − k)2 −m2) (k2 −m2)

+
(q − 2k)µ (p − 2k + q)ν

((p − k)2 −m2) (k2 −m2) ((q − k)2 −m2)

+
−2gµν

((p − k)2 −m2) (k2 −m2)

}
, (5)

where the coupling constant of the simple scalar model gs is fixed
from the normalization condition. For simplicity, we take all the
intermediate scalar particles’ mass to be m and their charge to be
e, but it can be easily generalized to unequal mass/charge cases.
The initial scalar meson has mass M.
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The democracy of light-front components and the zero mode issue

Manifestly covariant calculation of the transition form factor

We finally obtain

F (q2, q′2) =
e2gs
4π

∫ 1

0
dx

∫ 1−x

0
dy(1− 2y)

(
1

∆2
1

+
1

∆2
2

)
, (6)

where

∆1 = x(x−1)q2+2x(x+y−1)q·q′+(x+y)(x+y−1)q′2+m2, (7)

∆2 = x(x−1)q′2+2x(x+y−1)q·q′+(x+y)(x+y−1)q2+m2. (8)

Doing the x and y integrations, we get the analytic formula for the
transition form factor,

F (q
2
, q

′2
) =

e2gs

4π
×

(2 − ω − γ′ − γ)

√
ω√

1−ω
tan−1

( √
ω√

1−ω

)
+ (γ − γ′ − ω)

√
1−γ′√
γ′ tan−1

 √
γ′√

1−γ′

 + (γ′ − γ − ω)

√
1−γ√
γ

tan−1

( √
γ√

1−γ

)

m4
[
4ωγ′γ + ω2 + (γ′ − γ)2 − 2ω(γ′ + γ)

] ,

(9)

where γ = q2

4m2 , γ
′ = q′2

4m2 , and ω = M2

4m2 .
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The democracy of light-front components and the zero mode issue

Manifestly covariant calculation of the transition form factor

Now, taking m = 0.25 GeV , M = 0.14 GeV , and normalizing the
form factor so that F (q2 = 0, q′2 = 0) = 1 (thus fixing gs), and
taking the value of q′2 = −0.1 GeV 2, we show below the
numerical results of the form factor as a function of q2. The
agreement of the lines with the dots show the agreement of our
result with the Dispersion Relation (DR)

-2 -1 1 2
q
2

0.5

1.0

1.5

2.0

2.5

F(q2,q'2=-0.1)

Real part from covariant calculation

Imaginary part from covariant calculation

Real part from DR

Imaginary part from DR
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The democracy of light-front components and the zero mode issue

LFTO calculation of the transition form factor

Scalar meson → γ∗γ∗ Transition Form Factor in 1+1-d
scalar model: LFTO calculation

Figure: (Take the direct diagram as an example). The covariant diagram
(a) is sum of the two LF x+-ordered diagrams (b) and (c).

If one assumes each individual LFTO diagram contribution is of
the gauge invariant form, i.e. Γµν = F (q2, q′2) (gµνq · q′ − q′µqν),
one can obtain the LFTO contributions by calculating just the

plus-plus current: F(b) =
Γ++
(b)

g++q·q′−q′+q+ , F(c) =
Γ++
(c)

g++q·q′−q′+q+ .
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The democracy of light-front components and the zero mode issue

LFTO calculation of the transition form factor

However, this way defined LFTO form factors (or GPDs, since they
are essentially form factors with unintegrated x), changes with the
component. (You never see this if you don’t look at other
components than the ++)
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The democracy of light-front components and the zero mode issue

LFTO results

Taking q′2 = −1.0GeV 2.

-2 -1 1 2
q2

-1.0

-0.5

0.5

q2*fi
(++)

(q2,q'2=-1)

q2*Re[F]

q2*Im[F]

q2*Re[fV
(++)

]

q2*Im[fV
(++)

]

q2*Re[fNV
(++)

]

q2*Im[fNV
(++)

]

-2 -1 1
q2

-3

-2

-1

1

2

q2*fi
(+-)

(q2,q'2=-1)

q2*Re[F]

q2*Im[F]

q2*Re[fV
(+-)

]

q2*Im[fV
(+-)

]

q2*Re[fNV
(+-)

]

q2*Im[fNV
(+-)

]

q2*Re[fS
(+-)

]

q2*Im[fS
(+-)

]

-4 -2 2 4
q2

-3

-2

-1

1

2

q2*fi
(-+)

(q2,q'2=-1)

q2*Re[F]

q2*Im[F]

q2*Re[fV
(-+)

]

q2*Im[fV
(-+)

]

q2*Re[fNV
(-+)

]

q2*Im[fNV
(-+)

]

q2*Re[fS
(-+)

]

q2*Im[fS
(-+)

]

I’m missing the −− component because of difficulty of calculation.
More on that later.
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The democracy of light-front components and the zero mode issue

Spurious form factors

Spurious form factors

The most general way, is to write the LFTO diagrams as 4 form factors

Γµν
i = f Ai (q2, q′2)Aµν + f Bi (q2, q′2)Bµν + f Ci (q2, q′2)Cµν + f Di (q2, q′2)Dµν ,

where i = D(b), D(c), C(b), C(c), or S . Only Aµν is gauge invariant, while
Bµν , Cµν , and Dµν are not. Of course the individual form factors must satisfy∑

i

f Bi (q2, q′2) =
∑
i

f Ci (q2, q′2) =
∑
i

f Di (q2, q′2) = 0. (10)

(Now the component-dependence is completely in those forms).
The four forms are found to be

Aµν = gµνq · q′ − q′µqν ,

Bµν = qµq′ν ,

Cµν = qµ

(
qν − q · q′

q′2 q′ν
)
,

Dµν =

(
q′µ − q · q′

q2
qµ

)
q′ν .

where we select them so that each two out of the four are orthogonal.
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The democracy of light-front components and the zero mode issue

Spurious form factors

So that we can obtain the individual form factors by

f Ai (q2, q′2) =
AµνΓ

µν
i

AµνAµν
=

AµνΓ
µν
i

q2q′2
(11)

f Bi (q2, q′2) =
BµνΓ

µν
i

BµνBµν
=

BµνΓ
µν
i

q2q′2
(12)

f Ci (q2, q′2) =
CµνΓ

µν
i

CµνCµν
=

CµνΓ
µν
i

q2
(
q2 − (q·q′)2

q′2

) (13)

f Di (q2, q′2) =
DµνΓ

µν
i

DµνDµν
=

DµνΓ
µν
i

q′2
(
q′2 − (q·q′)2

q2

) . (14)
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The democracy of light-front components and the zero mode issue

Spurious form factors

For i = S , we then have

f AS = f BS =
q · q′

q2q′2
Γ+−
S (15)

f CS =
1

q2
Γ+−
S (16)

f DS =
1

q′2
Γ+−
S (17)

where

Γ+−
S =

e2gs
4π

∫ 1

0
dx

2

(1− x)x
(

m2

1−x + m2

x −M2
) = Γ−+

S . (18)
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The democracy of light-front components and the zero mode issue

Spurious form factors

Going to do this for the separation into Valence, Non-Valence, and
Seagull, but need the “minus-minus” component.
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The democracy of light-front components and the zero mode issue

The light-front zero-mode issue
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The democracy of light-front components and the zero mode issue

The light-front zero-mode issue

manifestation of the zero-mode issue in the two-point function in 1+1-d QED

The two-point function in the picture below is responsible for the
axial anomaly in 1+1-d QED.

Figure: Feynman diagram for the photon self-energy at one-loop order.

The two vertices being one axial one vector can be obtained from
the one with both vertices being vector

Tµν
5 = ενλTµ

λ , (19)

So to get Tµν
5 , it is enough to compute Tµν , the vacuum

polarization tensor.
15/52



The democracy of light-front components and the zero mode issue

The light-front zero-mode issue

manifestation of the zero-mode issue in the two-point function in 1+1-d QED

Covariant calculation of the two-point function in 1+1-d
QED with dimensional regularization

Tµν(q) =ie2
∫

d2k

(2π)2
Tr

[
γµ(/k +m)γν(/k − /q +m)

]
[k2 −m2] [(k − q)2 −m2]

=ie2
∫ 1

0

dx

∫
d2k

(2π)2
(kαkβ − kαqβ)Tr

[
γµγαγνγβ

]
+m2Tr [γµγν ]

[k2 + 2(x − 1)k · q − (x − 1)q2 −m2]2

=ie2
∫ 1

0

dx

(
i(−π)

(2π)2(−(x − 1)q2 −m2 − (x − 1)2q2)

)
×

(
(x − 1)2qαqβ + gαβ

−(x − 1)q2 −m2 − (x − 1)2q2

2− n

)
Tr

[
γµγαγνγβ

]
+ ie2

∫ 1

0

dx

∫
d2k

(2π)2
m2Tr [γµγν ]− kαqβTr

[
γµγαγνγβ

]
[k2 + 2(x − 1)k · q − (x − 1)q2 −m2]2
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The democracy of light-front components and the zero mode issue

The light-front zero-mode issue

manifestation of the zero-mode issue in the two-point function in 1+1-d QED

The key is to take the space-time dimension n → 2 after the momentum
integration

Tµν(q) =− e2

4π

∫ 1

0

dx
(x − 1)2qαqβTr

[
γµγαγνγβ

]
x(x − 1)q2 +m2

− e2

4π

∫ 1

0

dx
m2Tr [γµγν ] + (x − 1)qαqβTr

[
γµγαγνγβ

]
x(x − 1)q2 +m2

+
e2

4π

∫ 1

0

dx
1

2− n
gαβTr

[
γµγαγνγβ

]
. (20)

According to the n-dimensional formula

gαβTr
[
γµγαγνγβ

]
= 2(2− n)gµν , (21)

one gets

Tµν(q) =− e2

2π

∫ 1

0

dx
x(x − 1)(2qµqν − gµνq2) + gµνm2

x(x − 1)q2 +m2
+

e2

2π
gµν . (22)
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The democracy of light-front components and the zero mode issue

The light-front zero-mode issue

manifestation of the zero-mode issue in the two-point function in 1+1-d QED

which satisfies gauge invariance

Tµν(q) = T (q2)

(
qµqν

q2
− gµν

)
(23)

where

T (q2) = −e2

π

1− m2/q2√
1/4−m2/q2

ln

1− 1

2
√

1/4−m2/q2

1 + 1

2
√

1/4−m2/q2


(24)

assuming q2 > 4m2.
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The light-front zero-mode issue

manifestation of the zero-mode issue in the two-point function in 1+1-d QED

There are other regularization methods to get this.
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The light-front zero-mode issue

manifestation of the zero-mode issue in the two-point function in 1+1-d QED
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The light-front zero-mode issue

manifestation of the zero-mode issue in the two-point function in 1+1-d QED

With the light-front calculation still under investigation, and all the
physics about axial anomaly very interesting by itself, today I just
want to focus on the calculation techniques, and show the way to
get the minus-minus component correct in this two-point function
calculation. Let

Tµν(q) = Iµν(1)(q) + Iµν(2)(q) + Iµν(3)(q)

where

Iµν(1) (q) =
ie2

4π2

∫
dk+

∫
dk− kαkβTr

[
γµγαγνγβ

]
[2k+k− −m2] [2(k − q)+(k − q)− −m2]

;

Iµν(2) (q) = − ie2

4π2

∫
dk+

∫
dk− kαqβTr

[
γµγαγνγβ

]
[2k+k− −m2] [2(k − q)+(k − q)− −m2]

;

and

Iµν(3) (q) =
ie2

4π2

∫
dk+

∫
dk− m2Tr [γµγν ]

[2k+k− −m2] [2(k − q)+(k − q)− −m2]
.
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The light-front zero-mode issue

manifestation of the zero-mode issue in the two-point function in 1+1-d QED

We see that Iµν(1)(q) is logarithmically divergent while Iµν(2)(q) and

Iµν(3)(q) are not divergent. The simplest term, Iµν(3)(q), can be

calculated easily:

Iµν(3) (q) =
ie2

4π2
2gµνm2

∫
dk+

∫
dk− 1

[2k+k− −m2] [2(k − q)+(k − q)− −m2]

=
ie2

4π2
2gµνm2(−2πi)q+

∫ 1

0

dx
1

2k+2(k − q)+
(

m2

2k+
− m2

2(k−q)+
− q2

2q+

)
= gµν e

2m2

2π

∫ 1

0

dx
1

x(x − 1)
(

m2

x
− m2

x−1
− q2

)
= gµν e

2m2

2π

∫ 1

0

dx
−1

x(x − 1)q2 +m2
.

For “−−” component, this term is zero.
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The light-front zero-mode issue

manifestation of the zero-mode issue in the two-point function in 1+1-d QED

There is only one LFTO diagram:
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The light-front zero-mode issue

manifestation of the zero-mode issue in the two-point function in 1+1-d QED

Now we turn to Iµν(2)(q). We will focus on the “−−” component, as

other components can be easily computed without any trouble.

Iµν(2) (q) = − ie2

2π2

∫
dk+

∫
dk− kµqν − gµνk · q + qµkν

[2k+k− −m2] [2(k − q)+(k − q)− −m2]
.

I−−
(2) (q) = − ie2

2π2

∫
dk+

∫
dk− 2k−q−

[2k+k− −m2] [2(k − q)+(k − q)− −m2]
.

which I will refer to as “the flying pole paper”
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The light-front zero-mode issue

manifestation of the zero-mode issue in the two-point function in 1+1-d QED

Here, because of equal mass in the two propagators, taking care of
the arc contribution is enough to obtain the correct answer.

I−−
(2) (q) = − ie2

π2
q−

∫
dk+

∫
dk− k−

[2k+k− −m2] [2(k − q)+(k − q)− −m2]

= − ie2

π2
q−(−2πi)q+

∫ 1

0

dx
m2

2k+

2k+2(k − q)+
(

m2

2k+
− m2

2(k−q)+
− q2

2q+

)
+

ie2

π2
q−

∫
dk+ lim

R→∞

∫ −π

0

iRe iθdθ
Re iθ

2k+2(k − q)+ (Re iθ)2

=
e2

π
q−q− 1

q2

∫ 1

0

dx

{
m2

x [x(x − 1)q2 +m2]
+

1

2x(x − 1)

}
. (25)
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The light-front zero-mode issue

manifestation of the zero-mode issue in the two-point function in 1+1-d QED

In which
m2

x [x(x − 1)q2 +m2]
=

(1− x)q2

x(x − 1)q2 +m2
+

1

x
(26)

and ∫ 1

0

dx
1

2x(x − 1)

=− 1

2

(∫ 1

0

dx
1

x
+

∫ 1

0

dx
1

1− x

)
=− 1

2

(∫ 1

0

dx
1

x
+

∫ 1

0

dx
1

x

)
=−

∫ 1

0

dx
1

x
. (27)

Thus, the answer is

I−−
(2) (q) =

e2

π
q−q− 1

q2

∫ 1

0

dx

{
(1− x)q2

x(x − 1)q2 +m2
+

1

x
− 1

x

}
=

e2

π
q−q−

∫ 1

0

dx
(1− x)

x(x − 1)q2 +m2
. (28)
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The light-front zero-mode issue

manifestation of the zero-mode issue in the two-point function in 1+1-d QED

Now, let us tackle the difficult, divergent term, Iµν(1)(q).

Iµν(1) (q) =
ie2

2π2

∫
dk+

∫
dk− 2kµkν − gµνk2

[2k+k− −m2] [2(k − q)+(k − q)− −m2]
.

I−−
(1) (q) =

ie2

2π2

∫
dk+

∫
dk− 2k−k−

[2k+k− −m2] [2(k − q)+(k − q)− −m2]

=
ie2

π2

∫
dk+

∫
dk− (k−)2

D1D2
,

where

D1 = 2k+k− −m2 + iϵ,

D2 = 2(k − q)+(k − q)− −m2 + iϵ.
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The light-front zero-mode issue

manifestation of the zero-mode issue in the two-point function in 1+1-d QED

We will utilize the “asymptotic method” discussed in the flying
pole paper.
When k− → ∞ and k+ → 0,

Vasy1 =
ie2

π2

∫
dk+

∫
dk−

(k−)2

D12(−q+)k−
= − ie2

2π2q+

∫
dk+

∫
dk−

k−

D1
.

When k− → ∞ and k+ → q+,

Vasy2 =
ie2

π2

∫
dk+

∫
dk−

(k−)2

D22q+k−
=

ie2

2π2q+

∫
dk+

∫
dk−

k−

D2
.
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The light-front zero-mode issue

manifestation of the zero-mode issue in the two-point function in 1+1-d QED

This is the so-called “catching the flying pole”
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The light-front zero-mode issue

manifestation of the zero-mode issue in the two-point function in 1+1-d QED

We subtract the two asymptotic contributions from I−−
(1) (q) and

then add them back.

I−−
(1) (q) =

[
I−−
(1) (q)− Vasy1 − Vasy2

]
+ Vasy1 + Vasy2

=
ie2

π2

1

2q+

∫
dk+

∫
dk−k− 2k−q+ + D2 − D1

D1D2
+ Vasy1 + Vasy2

=
ie2

π2

1

2q+

∫
dk+

∫
dk−k− 2q−(q+ − k+)

D1D2
+ Vasy1 + Vasy2

=
ie2

π2

∫
dk+

∫
dk− k−q−(1− k+/q+)

D1D2
+ Vasy1 + Vasy2. (29)

We notice now in terms of the k− variable, the power has reduced from∫
dk− (k−)2

D1D2
to

∫
dk− k−

D1D2
, due to the cancelation with the Vasy ’s. Now this k−

integration, we’ve done before for I−−
(2) (q).
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The light-front zero-mode issue

manifestation of the zero-mode issue in the two-point function in 1+1-d QED

I−−
(1) (q)

=
ie2

π2

∫
dk+q−(1− k+/q+)

(−2πi)
m2

2k+

2k+2(k − q)+
(

m2

2k+
− m2

2(k−q)+
− q2

2q+

)
− lim

R→∞

∫ −π

0

iRe iθdθ
Re iθ

2k+2(k − q)+ (Re iθ)2

]
+ Vasy1 + Vasy2

=− e2

2π

q−

q+

∫ 1

0

dx (1− x)

{
m2

x [x(x − 1)q2 +m2]
+

1

2x(x − 1)

}
+ Vasy1 + Vasy2

=− e2

2π

2q−q−

q2

∫ 1

0

dx (1− x)

{
(1− x)q2

x(x − 1)q2 +m2
+

1

x
− 1

x

}
+ Vasy1 + Vasy2

=− e2

π
q−q−

∫ 1

0

dx
(1− x)2

x(x − 1)q2 +m2
+ Vasy1 + Vasy2
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The light-front zero-mode issue

manifestation of the zero-mode issue in the two-point function in 1+1-d QED

Now what’s left to do is to evaluate the two Vasy ’s. There are a lot of methods
to evaluate them in the flying pole paper, but for simplicity I will for now
evaluate them as follows.

∂

∂m2
Vasy1 = − ie2

2π2q+

∫
dk+

∫ R

−R

dk− k−

D2
1

= − ie2

2π2q+

∫
dk+

− m2

2k+k−−m2 + ln
(
m2 − 2k+k−)

4(k+)2

R

k−=−R

= − ie2

2π2q+

∫
dk+ iπ

4(k+)2
, (30)

where k+ → 0.
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And

∂

∂m2
Vasy2

=
ie2

2π2q+

∫
dk+

∫ R

−R

dk− k−

D2
2

=
ie2

2π2q+

∫
dk+

− 2(k+−q+)q−+m2

2(k+−q+)(k−−q−)−m2 + ln
(
m2 − 2(k+ − q+)(k− − q−)

)
4(k+ − q+)2

R

k−=−R

=
ie2

2π2q+

∫
dk+ iπ

4(k+ − q+)2
, (31)

where k+ − q+ → 0.
So actually,

Vasy1 + Vasy2 = 0. (32)
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Thus, we obtain

I−−
(1) (q) =− e2

π
q−q−

∫ 1

0
dx

(1− x)2

x(x − 1)q2 +m2
.

Recall that

I−−
(2) (q) =

e2

π
q−q−

∫ 1

0
dx

(1− x)

x(x − 1)q2 +m2
.

So,

T−−(q) = I−−
(1) (q) + I−−

(2) (q) = − e2

2π
(2q−q−)

∫ 1

0
dx

x(x − 1)

x(x − 1)q2 +m2
.

In exact agreement with the covariant calculation.
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If one ignores what’s discussed in the flying pole paper, and
calculates the −− component naively by the pole integration
method,

T−−(q) =
ie2

2π2

∫
dk+

∫
dk− −2k−q− + 2k−k−

[2k+k− −m2] [2(k − q)+(k − q)− −m2]

=
ie2

2π2

∫
dk+(−2πi)

−m2

k+ q
− + 2

(
m2

2k+

)2

2k+2(k − q)+
(

m2

2k+ − m2

2(k−q)+ − q2

2q+

)
= − e2

2π
(2q−q−)

∫ 1

0

dx

m2

xq2

(
m2

xq2 − 1
)

x(x − 1)q2 +m2
.

In apparent disagreement with the covariant calculation.
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The same kind of trouble comes in for the “−−” component in the
transition form factor calculation, where naive pole integration
gives

Γ−−
D(b)

=
e2gs

4πp+p+

∫ 1−α

0
dx

(
M2

2
+

q′2

2(1 − α)
−

m2

x

)(
q′2

2(1 − α)
−

m2

x

)

·
[
(1 − x − α)(1 − x)x

(
m2

x
+

m2

1 − x − α
−

q′2

1 − α

)(
m2

x
+

m2

1 − x
− M2

)]−1

and

Γ−−
D(c)

=
e2gs

4πp+p+

∫ 1

1−α
dx

(
q′2

2(1 − α)
−

M2

2
+

m2

1 − x

)(
q′2

2(1 − α)
− M2 +

m2

1 − x

)

·
[
(1 − x − α) (1 − x) x

(
m2

1 − x − α
−

m2

1 − x
+ M2 −

q′2

1 − α

)(
m2

1 − x
+

m2

x
− M2

)]−1

Here, the
∫
dx integrations could not be done simply using

Mathematica like before, due to the end point singularities at
x = 0 and x = 1, for Γ−−

D(b) and Γ−−
D(c), respectively.
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Simply cutting out the singularities results in disagreement with
the manifestly covariant calculation.
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Without getting into details, we tried many other things, including
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Now because two denominators doesn’t have different
time-orderings, separating them into two different time-ordered
contributions by hand will result in weird things.
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And the total does not exactly agree, either.
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Then we tried to take into account the asymptotic contributions
without much success.
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Finally we tried the following idea.
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Then finally I got agreement
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Taking q′2 = −1.0GeV 2.
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Taking q′2 = −0.1GeV 2.
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Taking q′2 = −0.01GeV 2.
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