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A plan for today

1 Introduction and (some) general motivation

2 Kinematics of non-diagonal DVCS

3 A simple example: N → ∆ non-diagonal DVCS

4 N → πN transition GPDs

5 Dual parametrization of GPDs and GPD quintessence function;

6 Abel transform tomography and the Gribov-Froissart projection;

7 Some lessons from π → ππ transition GPDs;

8 Omnes solution for dispersion relation;

9 Conclusions and Outlook.
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What is non-diagonal DVCS/DVMP?

γ∗(q1) + N(p1) →
{ γ∗(q2)

M′(p′M)

}
+

[
M(pM)N

(
p′
) ]

; M = π, η, ρ, ω . . .

Factorized description in terms of N → B∗ GPDs in the generalized Bjorken kinematics:

−q21 ; (p1 + q1)
2 − large; xB =

−q21
2p1 · q1

− fixed;

−t = −(pB∗ − p1)
2; −t′ = −(p2 − p1)

2; W 2
MN = (p1 + pM)2 of hadronic scale.

Meson-nucleon system resonates at WMN = MB∗ .

Status of factorization: same as for the DVCS&DVMP: X. Ji et al.’98, J. Collins et
al.’97,99.
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Some motivation

Main goal is to understand B∗ in terms of q, q̄ and gluons.

Available probes and their QCD structure:

E.m./weak probe : QCD structure :

γ ⇔ ⟨B∗|q̄Q̂e.m.γµq|N⟩

W±, Z0 ⇔ ⟨B∗|q̄Q̂wγµ(1− γ5)q|N⟩

Only C = −1 probe;

Local in space-time;

No direct access to gluon
d.o.f.

Hadronic probe : QCD structure :

π, K ⇔ ⟨B∗| ??? |N⟩

QCD structure of the
probe unknown;
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Graviton probe and QCD Energy-Momentum Tensor

Graviproduction of resonances I. Kobzarev and L. Okun’62

G probe : QCD structure :

G ⇔ ⟨B∗| q̄γµ(∂ν − Aν)q +
1

4
F a
µαF

a
να︸ ︷︷ ︸

QCD EMT

|N⟩

Gluon d.o.f. enter explicitly!

No good source of G (:

Rate of GN → B∗

Rate of γN → B∗ ≃
mN

MPl

1

αem
≃ 10−17
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Some remarks
Short distance part of the process creates a low-energy QCD string = a tower of local
probes (γ, G , . . .);
Spin J expansion of the QCD string operator:

Although non-diagonal DVCS is a hard process it probes a soft B∗ excitation by
low-energy QCD string;
More analogous to B∗ photoexcitation rather than hard electroproduction (qualitatively
different physics);

Feasibility:

Rates are the same order as in usual
DVCS/DVMP;

In case of DVCS: interference with the
Bethe-Heitler process provides
enhancement of signal;
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Physical contents I

Study of QCD EMT N → B∗ transition matrix elements complements the studies of e.m.
transition FFs;

Possible access to transition spin contents (for N → N∗, ∆), pressure and shear forces
(for N → N∗) and new insight for resonance formation;

Studies underway. Cf. transition angular momentum N → ∆, J.-Y. Kim et al.’23.
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Physical contents II: a unique option for baryon spectroscopy

Important advantages with respect to the usual electroproduction:

1 Excitation of resonances by non-local QCD quark light-cone operators:〈
N∗

∣∣∣ψ̄α(0)Pe ig ∫ z
0 dxµAµ

ψβ(z)
∣∣∣N〉

⋆ excitation by probes of arbitrary spin (not just J = 1);

2 Possible generalization to the gluon light-cone operators:〈
B

∣∣∣∣G a
αβ(0)

[
Pe ig

∫ z
0 dxµAµ

]ab
Gb
µν(z)

∣∣∣∣A〉

⋆ explicit access to the gluonic DOFs.

3 Direct access to Im (spin asymmetry) and Re (charge asymmetry) of the amplitude
ADVCS
N→B∗ . Without complicated PWA!

4 Possible access to non-usual spin-flavor configurations: e.g. SU(6) [20, 1+]: N = 2 orbital
excitation of the SU(6) 20-plet.
Symmetry argument by R. Feynman’1972: “Two quark at least must have their motion
changed to get to the [20, 1+] from the fundamental [56, 0+].”

5 Large gluon components and more. Hunt for exotic.

K. Semenov-Tian-Shansky (KNU) Non-diagonal GPDs 14.07.2023 8 / 55



Physical contents III: Chiral dynamics in gravitational interaction

More general description: N → πN transition GPDs, M. Polyakov and S. Stratmann,
arXiv:hep-ph/0609045.

A new test ground for χPT - low energy EFT of QCD, First principle calculations!
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Kinematics and decay angular distribution

e(k) + N(pN) → e′(k ′) + γ∗(q) + N(pN) → e′(k ′) + γ(q′) + π(pπ) + N′(p′N)

γ∗N → B∗γ: γ∗N CMS;
B∗ → πN′: πN′ CMS ≡ (πN′) at rest;

d7σ

dQ2dxB︸ ︷︷ ︸
lepton side

dt dΦ︸ ︷︷ ︸
γ∗N→γB∗

dW 2
πNdΩ

∗
π︸ ︷︷ ︸

B∗→πN

K. Semenov-Tian-Shansky (KNU) Non-diagonal GPDs 14.07.2023 10 / 55



Kinematics: invariants

Invariant variables for γ∗N → γπN′

In addition to s = (pN + q)2 ≡ W 2 and t1 = (q − q′)2 ≡ ∆2:

γπ invariant mass: s1 = (pπ + q)2;

πN invariant mass: s2 = (pπ + p′N)
2 ≡ W 2

πN ;

t2 = (p′N − pN)
2;
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A test ground: N → ∆(1232) DVCS

γ∗(q) + Np (pN) → γ
(
q′
)
+∆+ (p∆) → γ

(
q′
)
+ π0 (pπ) + Np

(
p′N

)
K. Goeke, M.Polyakov and
M. Vanderhaeghen’01:

3 +1 unpolarized+4 polarized leading
twist N → ∆ GPDs;

1 + 2 relevant in the large Nc limit;

Early analysis: P. Guichon, L. Mossé and
M. Vanderhaeghen’03;

A. Belitsky and A. Radyushkin’05:

4 unpolarized+4 polarized leading twist
N → ∆ GPDs;

K.S. and M. Vanderhaeghen, 2303.00119

Important goal: work out of angular dependencies of |DVCS|2, |BH|2 and interference
term.

Implications for experiment: necessary coverage in the cm angle of the final πN state.
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N → ∆ GPDs I
Leading twist-2: 4 unpolarized and 4 polarized GPDs;

Unpolarized isovector N → ∆ GPDs (K. Goeke et al.2001):

1

2π

∫
dy−eixP

+y− 〈
∆ (p∆)

∣∣ψ̄(−y/2)γ · nτ3ψ(y/2)
∣∣N(pN )

〉∣∣∣∣
y+=y⃗⊥=0

=

√
2

3
Ūβ (p∆)

{
HM (x, ξ, t)

(
−KM

βµ

)
nµ + HE (x, ξ, t)

(
−KE

βµ

)
nµ

+HC (x, ξ, t)
(
−KC

βµ

)
nµ + H4 (x, ξ, t)

(
Γ4βµ

)
︸ ︷︷ ︸

omitted structure

nµ
}
u(pN ),

Jones-Scadron covariants (P̄ =
pN+p∆

2
= p∆ − ∆

2
, ∆ = p∆ − pN , t ≡ ∆2):

KM
βµ = −i

3 (m∆ + mN )

2mN
(
(m∆ + mN )2 − t

) εβµλσ P̄λ∆σ ;

KE
βµ = −KM

βµ −
6 (m∆ + mN )

mNZ(t)
εβσλρP̄

λ∆ρ
ε
σ
µκδ P̄

κ∆δ
γ
5;

KC
βµ = /−/i

3 (m∆ + mN )

mNZ(t)
∆β

(
tP̄µ − ∆ · P̄∆µ

)
γ
5;

Γ4βµ =
1

mNm∆

[
∆β −

(∆ · p∆)

p2
∆

p∆β

]
∆µγ5.
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N → ∆ GPDs II
Polarized N → ∆ GPDs:

1

2π

∫
dy−eixP

+y−
〈
∆(p∆)

∣∣∣ψ̄(−y/2)γ · nγ5τ3ψ(y/2)
∣∣∣N(pN )

〉
=√

2

3
Ūβ (p∆)

[
C1(x, ξ, t)gβµnµ + C2(x, ξ, t)

∆β∆µ

m2
N

nµ + C3(x, ξ, t)
1

mN

[
gβµ /∆ − ∆βγµ

]
nµ

+C4(x, ξ, t)
2

m2
N

[
P̄ · ∆gβµ − ∆β P̄µ

]
nµ

]
u(pN ).

Relation to form factors

Unpolarized GPDs are related to e.m. form factors Jones and Scadron’73:

∫ 1

−1
dxHM,E,C (x, ξ, t) = 2G∗

M,E,C (t);

∫ 1

−1
dxH4(x, ξ, t) = 0;

Polarized transition GPDs are related to axial form factors Adler’75;

These FFs can be accessed in neutrino-production reactions;

∫ 1

−1
dxC1,2,3,4(x, ξ, t) = 2CA

5,6,3,4(t).
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Large Nc relations and sum rule

Large Nc relations for octet-to-decuplet transition GPDs, Goeke et al.’01:

HM(x , ξ, t) =
2
√
3

[
Eu(x , ξ, t)− Ed (x , ξ, t)

]
;

C1(x , ξ, t) =
√
3
[
H̃u(x , ξ, t)− H̃d (x , ξ, t)

]
;

C2(x , ξ, t) =

√
3

4

[
Ẽu(x , ξ, t)− Ẽd (x , ξ, t)

]
;

Pion pole contribution into C2:

lim
t→m2

π

C2(x , ξ, t) =
√
3
gAm

2
N

m2
π − t

θ[ξ − |x |]
1

ξ
Φπ

(
x

ξ

)
;

Angular momentum sum rule:

lim
t→0,Nc→∞

∫ 1

−1
dxxHM(x , ξ, t) =

2
√
3

[
2
(
Ju − Jd

)
−Mu

2 +Md
2

]
.
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Cross sections and BSA for JLab@12 GeV I
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Cross sections and BSA for JLab@12 GeV II

∆ in helicity ±1/2 state: 1
4

(
1 + 3 cos2 θ∗π

)
∆ in helicity ±3/2 state: 3

4
sin2 θ∗π
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Experimental status I: resonance spectrum for N∗ → nπ+
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Experimental status II: resonance spectrum for N∗ → pπ0
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Experimental status III: Beam Spin Asymmetry

BSA ∼ TBH × ImTN∆DVCS.
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Going to the 2nd resonance region

Formalism extended to N → N∗ DVCS for N∗ = P11(1440), D13(1520), S11(1535):

■ for spin- 1
2
resonances at twist-2: 2 unpolarized GPDs (vector operator), 2 polarized

GPDs (axial-vector operator);
■ for spin- 3

2
resonances at twist-2: 4 unpolarized GPDs (vector operator), 4 polarized

GPDs (axial-vector operator);

t-dependence of GPDs (first moments):

■ - unpolarized GPDs: first moments constrained by data on e.m. transition FFs
(CLAS@6 GeV)

■ - polarized GPDs: 2 dominant axial FFs constrained using PCAC + pion pole
dominance:

− normalization at t = 0 given by (f πNN∗/mπ)2fπ ;
− t-dependence: dipole (MA = 1 GeV) and pion-pole ∼ 1/(t −m2

π);
− isoscalar axial FF neglected;

x & ξ dependence of GPDs: RDDA b = 1 and b = ∞ with q(x) ∼ x−0.5(1− x)3
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Cross section and BSA
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Hard exclusive ∆π production

Amplitude involves polarized GPDs C1,2,3,4(x , ξ,∆2);

BSA is a twist-3 effect;
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Experimental perspectives

N∆ DVCS and π∆ can be measured at CLAS. Analysis underway.

Present status: 3-4 bins in −t. With extra angular variables 2-3 bins in each variable;

Statistics increase by a factor 3 in 3-4 years;

BSA π−∆++ extracted;

Possible JLab@20 upgrade: statistics may increase by a factor 100 - 1000;

Can we get access to the complete angular distribution of N∆ DVCS/DVMP and π∆
production cross section?

A sizable π−∆++ BSA a challenge for theory: twist-3 observable;

Extension to small-xB and studied for the EIC conditions necessary;
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N → πN transition GPDs
M. Polyakov and S. Stratmann, arXiv:hep-ph/0609045

Unpolarized N → πN GPDs:∫
dλ

2π
e iλxP̄·n 〈N (

p′N
)
πa(pπ)|ψ̄(−λn/2)/nψ(λn/2)|N(pN)

〉
=

igA

mN fπ

4∑
i=1

Ū
(
p′N

)
Γiτ

aH
(0)
i U(pN)

Γ1 = γ5; Γ2 =
mN/n

n · P̄
γ5; Γ3 =

/k

mN
γ5; Γ4 =

/k/n

mN
γ5; (P̄ =

p′N + pN + pπ

2
)

A guide to the kinematical variables of H
(0)
i

(
x , ξ,∆2; W 2

πN , α, t2
)
:

πN invariant mass W 2
πN = (p′ + pπ)

2

t1 = (p′N+pπ−pN)
2 = (q−q′)2 ≡ ∆2

t2 = (p′N − pN)
2

Skewness ξ = − n·∆
2n·P̄

Relative pion longitudinal momentum
of the πN system:

α =
n · pπ

n ·
(
p′N + pπ

)
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On physical meaning of α

⋆ Related to πN decay angle θ∗π defined in the πN CMS ≡ B∗ rest frame:

α =
W 2
πN −m2

N +m2
π + Λ(W 2

πN ,m
2
N ,m

2
π) cos θ

∗
π

2W 2
πN

+ O(1/Q2),

where Λ is the Mandelstam function

Λ(x , y , z) =
√

x2 − 2xy − 2xz + y2 − 2yz + z2.

On the pion threshold WπN = mN +mπ :

α
∣∣∣
threshold

=
mπ

mN +mπ
.
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Some properties of N → πN transition GPDs

Soft pion theorems P. Pobylitsa, M. Polyakov, and M. Strikman’01 fix N → πN GPDs at
the threshold W = (MN +mπ) in terms of nucleon GPDs and pion DA;

E.g. soft pion theorem for N → πN transition matrix element M. Polyakov and S.
Stratmann, arXiv:hep-ph/0609045〈

N
(
p′
)
πa(k)

∣∣∣Ob(λ)
∣∣∣N(p)

〉
of the isovector light cone operator Ob = ψ̄(−λn/2)/nτbψ(λn/2):

N → πN transition GPDs are real at the threshold but generally not necessarily real
functions;

N → πN transition GPDs contain information on πN resonance spectrum. Can we take it
out?
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N → πN GPDs and PW analysis of the πN system

M. Polyakov’98: Hi

(
x , ξ, α, t,W 2

)
→ H I ,L,J

(
x , ξ,∆2;W 2, t2

)
PW expansion in α

I : isospin; L : PW in α; i → J = L± 1/2 (total angular momentum).

N.B. N → πN GPDs develop Im part above πN threshold. Relation to πN scattering
amplitude (Watson theorem):

ImH I ,L,J(x , ξ,∆2;W 2, t2) = tan
[
δI ,L,JπN (W 2)

]
ReH I ,L,J(x , ξ,∆2;W 2, t2);

δI ,L,JπN (W 2) − πN phase shifts.

A solution R. Omnes’1958:

H I,L,J
(
x, ξ,W 2

)
= H I,L,J

(
x, ξ,W 2

th

)
exp


N−1∑
k=1

ckW
2k +

W 2N

π

∫ ∞

W 2
th

ds
δ
I,L,J
πN

(s)

sN
(
s − W 2 − i0

)
 .

H I ,L,J
(
x , ξ,W 2

th

)
and ck fixed by near threshold behavior & chiral physics.

Known πN phase shifts δI ,L,JπN (s) from πN scattering.
N∗ resonances built in the solution! How to get them out?
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Conformal PW expansion for GPDs I

Idea: expand GPDs over the conformal basis (factorization of functional dependencies)

Main advantage: trivial solution of the LO evolution equations.

Conformal moments of quark GPDs are defined with respect to

cn(x , η) = Nn × ηnC
3
2
n

(
x
η

)
; Normalization: limη→0 cn(x , η) = xn.

Hn(η, t) =

∫ 1

−1
dx c

3
2
n

(
x

η

)
H(x , η, t) .

cn(x , η) form a complete basis in [−η, η] with the weight
(
1− x2

η2

)
.

pn(x , η) include the weight and θ to ensure the support:

pn(x , η) = η−n−1θ

(
1−

x2

η2

)(
1−

x2

η2

)
N−1
n

(n + 1)(n + 2)

2n + 3
C

3
2
n

(
−
x

η

)
.

Orthogonality of the basis:
∫ 1

−1
dx pn(x , η)cn(x , η) = (−1)nδmn
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Conformal PW expansion for GPDs II

Conformal PW expansion for GPDs:

H(x , η, t) =
∞∑
n=0

pn(x , η)Hn(η, t) .

Allows to factorize x , η and t dependence of GPDs.

Scale dependence of the conformal moments is simply multiplicative:

Hn(η, t, µ) =

(
αs(µ)

αs(µ0)

) γ0n
2β0

Hn(η, t, µ0) .

Conformal moments are reproduced by this series.

Restricted support property ⇏ GPD vanishes in the outer region.

The expansion is to be understand as an ill-defined sum of generalized functions.

Different ways to assign meaning to conformal PW expansion

1 Sommerfeld-Watson transform + Mellin-Barnes integral techniques D. Müller and
A. Schäfer’05; A. Manashov, M. Kirch and A. Schafer’05;

2 Shuvaev transform A. Shuvaev’99, J. Noritzsch’00;
Dual parametrization of GPDs M. Polyakov and A. Shuvaev’02;
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Mellin-Barnes techniques in simple words

Sommerfeld-Watson transform:

H(x , ξ, t) =
1

2i

∮ (∞)

(0)
dj

(−1)j

sinπj
pj (x , ξ)mj (ξ, t) .

Residue theorem leads to conformal P.W. expansion (Resj=n
1

sinπj
= (−1)j

π
).

For ξ = 0 pj form the integral kernel for
the inverse Mellin transform

In general, pj (x , ξ) are expressed through

2F1 hypergeometric function. Asymptotic
behavior of pj (x , ξ) for j → ∞ is known.

Asymptotic behavior of mj -?

Integral over the large arc must vanish.

Mellin-Barnes integral representation for GPDs:

H(x , ξ, t) =
i

2

∫ c+i∞

c−i∞
dj

(−1)j

sinπj
pj (x , ξ)mj (ξ, t) .
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The basis for the Shuvaev transform & the dual parametrization

How to restore f (x) from its
Mellin moments
Mn =

∫
dxxnf (x)?

Formal solution:

f (x) =
∞∑
n=0

Mnδ
(n)(x)

(−1)n

n!
.

✓ A trick: δ(n)(x) =
(−1)nn!

2πi

[
1

(x − iϵ)n+1
−

1

(x + iϵ)n+1

]
.

Define F (z) =
∞∑
n=0

Mn

zn+1
; then f (x) =

1

2πi
[F (x − iϵ)− F (x + iϵ)] .

Idea of the Shuvaev transform (see A. Shuvaev’99, J. Noritzsch’00):

Introduce fξ(y) whose Mellin moments generate Gegenbauer moments of GPD:∫ 1

0
dyynfξ(y) = mn(ξ)

One can explicitly construct the kernel K(x , ξ; y) such that

H(x , ξ) =

∫ 1

0
dy K(x , ξ; y) fξ(y) .
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Dual Parametrization: basic facts
Dual Parametrization (M. Polyakov, A. Shuvaev’02, D. Müller, M. Polyakov and K.S.’15):

Mellin moments expanded in a set of suitable orthogonal polynomials. E.g. partial waves
of the t-channel (t-channel refers to h̄h → γ∗γ):

N−1
n

(n + 1)(n + 2)

2n + 3
Hn(η, t) = ηn+1

n+1∑
l=0

Bnl (t)Pl

(
1

η

)
Conformal PW expansion is then rewritten as:

H(x , η, t) =
∞∑
n=1
odd

n+1∑
l=0
even

Bnl (t) θ

(
1−

x2

η2

)(
1−

x2

η2

)
C

3
2
n

(
x

η

)
Pl

(
1

η

)

Polynomiality implemented via
Wigner-Ekkart theorem (l ≤ n + 1).

Discrete symmetries (C , T ) through the
selection rules for lPC (X. Ji,
R. Lebed’01).

Generalized FFs Bnl (t) are renormalized
multiplicatively.
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t-channel point of view and duality
Conformal PW expansion converges for η > 1.

By means of the crossing relation one gets conformal PW expansion for two particle GDAs.

x

η
↔ 1− 2z;

1

η
↔ 1− 2ζ; t ↔ W 2

Duality in the spirit of R. Dolen, D. Horn, C. Schmid’67. GPDs are presented as infinite
series of t-channel Regge exchanges M. Polyakov’98:

⟨π(p′)| Ô |π(p)⟩ ∼ Crossing of
∑
RJ

∑
polarization

of RJ

1

t −M2
RJ

× ⟨π(p′)π(−p)|RJ⟩︸ ︷︷ ︸
RJππ effective vertex

⟨RJ | Ô |0⟩︸ ︷︷ ︸
F.T. of DA of RJ

.

Expansion in the t-channel PW:

cos θt =
s − u√

1− 4m2

t
(Q2 + t)

= −
1

η
√

1− 4m2

t

+ O(
1

Q2
) .
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Dual parametrization: summing up the formal series I

Same idea as the Shuvaev transform: Mellin moments of Qk (y , t) generate the generalized
F.Fs. Bnl :

Bn n+1−2ν(t) =

∫ 1

0
dyynQ2ν(y , t) .

Then H(x > −η, η, t) =
∞∑
ν=0

∫ 1

0
dy K2ν(x , η, y)y

2νQ2ν(y , t) .

How to construct the convolution kernels?

M. Polyakov and A. Shuvaev’02 (see also M. Polyakov and KS’08):

K2ν(x , η, y) = discz=xF
(2ν)(z, η, y) , where

F (2ν)(z, η, y) =
1

y2ν+1

(
1 + y

∂

∂y

)∫ 1

−1
dsηk

z1−k
s√

z2s − 2zs + η2
, zs ≡

2(z − ηs)

(1− s2)y
.
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Dual parametrization: summing up the formal series II

Two ways to compute the discontinuity:

1 Expand in powers of 1
zs

and employ Rodriguez formula for Gegenbauer polynomials ⇒
formally recover conformal PWE for GPD.

2 Consider the discontinuity due to the cut 1−
√

1− η2 < zs < 1 +
√

1− η2 (and from
poles at zs = 0 for k ≥ 2) ⇒ analytical expressions for the convolution kernels
K2ν(x , η, y) in terms of elliptic integrals.
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Basic properties

GPDs satisfy polynomiality property and the support property.

The D-term is the natural ingredient of the dual parametrization.

Scale dependence of Qk (x) is given by DGLAP equations.

Q0(x) is fixed in terms of (t-dependent) PDFs:

Q0(x) = q(x) + q̄(x)−
x

2

∫ 1

x

dy

y2
(q(y) + q̄(y)) ;

Q2(x) contains FFs of the EMT (Jq , shear forces);

x-dependence of forward like functions should implement the insight from the Regge
theory;

A principle allowing to take into account only a finite number of conformal PWs (i.e.
Qk s)?
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Minimalist model and skewness effect

Consider the “minimalist model”: include just Q0(x)

Assume that q(x) ∼ 1/xα
q
.

Skewness effect in the “minimalist” dual model equals conformal ratio (K. Kumericki,
D. Mueller and K. Passek-Kumericki’08, 09)

rqQ0
≡

Hq(ξ, ξ)

Hq(ξ, 0)

∣∣∣∣
ξ∼0

≃
2α

q
Γ(αq + 3

2
)

Γ( 3
2
)Γ(2 + αq)

≈ 3/2 for αq ≈ 1 ;

Skewness effect from H1:

R = 2αq rq ∼
√
σDVCS

σDIS
;

The observable ratio R(Q2) for
fixed W = 82 GeV. The Figure
is taken from H1’07.

N.B. A. Shuvaev, Martin et al.’99.
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Some lessons for us

In order to describe the data the dual parametrization model must include some additional
forward like functions Q2ν with ν > 0.

These functions must be singular enough in order to make influence on the small ξ
asymptotic behavior of ImA(ξ):

Q2ν(x) ∼
1

x2ν+α
.

Seems to be a problem:

This leads to divergencies of generalized form factors require regularization

B2ν−1 0 = Reg

∫ 1

0

dx

x
x2νQ2ν(x) =

∫ 1

(0)

dx

x
x2νQ2ν(x) + Bf.p.

2ν−1 0

Analytical regularization

Compute for large positive j . Then analytically continue to j = −1

This is precisely a so-called analytic (or canonical) regularization ( 1 < α < 2):

∫ 1

(0)
dx

f (x)

x1+α
=

∫ 1

0
dx

1

x1+α

[
f (x)− f (0)− xf ′(0)

]
−

f (0)

α
−

f ′(0)

α− 1
.
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Convolutions with hard kernels
Extraction of the information on GPDs from the Compton F.Fs is the problem of
deconvolution.
Consider the elementary amplitude:

H(+)(ξ, t) =

∫ 1

0
dxH(x , ξ, t)

[
1

ξ − x − i0
−

1

ξ + x − i0

]
= 4

∞∑
n=1
odd

n+1∑
l=0
even

Bn l (t)Pl

(
1

ξ

)
;

ImH(+)(ξ, t) = 2

∫ 1

1−
√

1−ξ2

ξ

dx

x
N(x , t)

1√
2x
ξ

− x2 − 1
.

Explicit expression also exists for ReH(+)(ξ, t).
GPD quintessence: N(x , t) =

∑∞
ν=0 x

2νQ2ν(x , t) = Q0(x) + x2Q2(x) + x4Q4(x) + ...

The amplitude automatically satisfies the dispersion relation in ω = 1
ξ
(O. Teryaev’05)

with the subtraction constant given by the D-FF:

D(t) =

∫ 1

0

dx

x

(
1

√
1 + x2

− 1

)
Q0(x , t) +

∫ 1

0

dx

x
[N(x , t)− Q0(x , t)]

1
√
1 + x2

GPD quintessence and D-FF is the maximal amount of info one can obtain about GPDs
from the amplitude.
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Abel transform tomography

The observer at ∞ looking along a line parallel
to the x-axis a distance y above the origin sees
the projection:

a(y2) =

∫ ∞

−∞
dx m(ρ2) =

∫ ∞

y2
dρ2

m(ρ2)√
ρ2 − y2

M. Polyakov’07: with the help of Joukowski conformal map 1
w

= 1
2

(
x + 1

x

)
it is possible

to present the relation between ImH(ξ) and GPD quintessence N(x) in the form of the
Abel integral equation.

The inverse transform for N(x):

N(x) =
1

π

x(1− x2)

(1 + x)
3
2

∫ 1

2x
1+x2

dξ

ξ
3
2

1√
ξ − 2x

1+x2

{
1

2
ImH(+)(ξ)− ξ

d

dξ
ImH(+)(ξ)

}
.

N(x , t) = Q0(x , t)︸ ︷︷ ︸
PDFs

+x2 Q2(x , t)︸ ︷︷ ︸
FFs of EMT tensor

+x4Q4(x , t) + . . .

Only a principle possibility to separate Qk s via logarithmic scaling violation.K. Semenov-Tian-Shansky (KNU) Non-diagonal GPDs 14.07.2023 41 / 55



Froissart- Gribov projection I
Gribov’61, Froissart’61
DR for the elementary amplitude analytically continued to the t-channel:

H(+)(cos θt , t) =

∫ 1

0
dz

2z

1− z2
Φ(+)(z, cos θt , t) =

∫ 1

0
dx

2x cos2 θt

1− x2 cos2 θt
H(+)(x , x , t) + 4D(t) ,

where Φ(+)(z, ω, t) = H(+)
(
z
ω
, η = 1

ω
, t
)
.

Let us define
SO(3) PWAs

aJ(t) ≡
1

2

∫ 1

−1
d(cos θt)PJ(cos θt)H(+)(cos θt , t)

GDAs with a definite angular momentum J

Φ
(+)
J (z, t) =

1

2

∫ 1

−1
d(cos θt)PJ(cos θt)Φ

(+)(z, cos θt , t)

Neumann’s integral representation for the Legendre functions QJ :

1

2

∫ 1

−1
dz PJ(z)

1

z ′ − z
= QJ(z

′) J ≥ 0, integer.
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Froissart- Gribov projection II
For even positive J

aJ>0(t) =

∫ 1

0
dz

2z

1− z2
Φ

(+)
J (z, t) = 2

∫ 1

0
dx

QJ(1/x)

x2
H(+)(x , x , t) .

For J = 0 we get

aJ=0(t) = 2

∫ 1

0
dx

[
Q0(1/x)

x2
−

1

x

]
H(+)(x , x , t) + 4D(t) .

N.B. QJ (1/x)

x2
∼ xJ−1 for small x .

Mellin moments of GPD quintessence ⇔ Froissart- Gribov projection∫ 1

0
dy yJ−1N(y , t) =

∫ 1

0
dx

[
1
√
x

d

dx
RJ(x)

]
H(+)(x , x , t) ,

where the auxiliary functions

1
√
x

d

dx
RJ(x) = (

1

2
+ J)

QJ(1/x)

x2
.
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Froissart- Gribov projection III
For even J > 0 we get

aJ>0(t) =
4

2J + 1

∞∑
n=J−1
odd

BnJ(t) =
4

2J + 1

∫ 1

0
dyyJ−1N(y , t).

For J = 0 it reads

aJ=0(t) = 4
∞∑
n=1
odd

Bn0(t) = 4Reg

∫ 1

0

dy

y
(N(y , t)− Q0(y , t))

= 4

∫ 1

(0)

dy

y
(N(y , t)− Q0(y , t)) + 4Df.p.(t).

Non-analytic contribution into aJ=0(t):

−4

∫ 1

(0)

dy

y
Q0(y , t) + 4Df.p.(t) ≡ −2

∫ 1

(0)

dx

x
H(+)(x , 0, t) + 4Df.p.(t).
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Interpretation of GPD quintessence

N(x , t) = Q0(x , t)︸ ︷︷ ︸
PDFs

+x2 Q2(x , t)︸ ︷︷ ︸
FFs of EMT tensor

+x4Q4(x , t) + . . .

Only a principle possibility to separate Qk s via logarithmic scaling violation.

Spin J expansion of the QCD string operator:

Ψ̄(n)P exp

(
i

∫ n

−n
dzµAµ(z)

)
Ψ(−n) =

For massless hadrons:

∫ 1

0
dxxJ−1N(x , t) = BJ−1 J(t) + BJ+1 J(t) + BJ+3 J(t) + . . . ≡ FJ(t).

Spoiled a bit by threshold corrections for β ̸= 1. Some resummation needed?

GPD quintessence is a new tool to study QCD strings. Also new possibilities for studies of
nucleon excitations.
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Can we handle with QCD string for the non-diagonal case?

Hard part of DVCS creates a soft QCD string.

(q̄(z)γµPexp

{
i

∫ 1

0
dxµAµ(x)

}
q(0)

∣∣
z→0

= zν q̄γµ∇νq︸ ︷︷ ︸
Spin−2: q−part of EMT

+zνzρ q̄γµ∇ν∇ρq︸ ︷︷ ︸
Spin−3

+ . . .

How to decompose QCD string into probes of different spin? A tool is provided by the
Abel tomography.

N(x , t,W , t′, α) is a complex function;

The Abel tomography machinery is general and be applied for N(x , t,W , t′, α);

x-dependence is inherited from the xB dependence of the DVCS amplitude.
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A test ground for the formalism: π → ππ ND DVCS

e(l) + p(p) → e(l ′) + γ(q′) + π+(p′π) + n(p′)

Can be studied through the Sullivan-type process:

No complications due to spin- 1
2
.

Access to the meson spectrum: ρ(770), f2(1270) etc.

An option for the EIC?

N.B. γ∗N → ρN′ → πγN′ a background for N → ∆ DVCS.
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π → ππ transition GPDs

π → ππ unpolarized transition GPD (P̄ ≡ k+k1+k2
2

):

1

2

∫
dλ

2π
e iλxP̄·n⟨π(k1)π(k2)|ψ̄

(
−
λn

2

)
/nψ

(
λn

2

)
|π(pπ)⟩

=
1

2P̄ · n
iε(n, P̄,∆, k1)

1

f 3π
Hπ→ππ(x , ξ,∆

2,W 2
ππ , θ

∗
π , φ

∗
π);

π → ππ polarized transition GPD:

1

2

∫
dλ

2π
e iλxP̄·n⟨π(k1)π(k2)|ψ̄

(
−
λn

2

)
/nγ5ψ

(
λn

2

)
|π(pπ)⟩

=
1

2P̄ · n
(P̄ · n)

1

fπ
H̃π→ππ(x , ξ,∆

2,W 2
ππ , θ

∗
π , φ

∗
π);

Transition GPD arguments: x , ξ, ∆2 = t and of the invariant mass of ππ system W 2
ππ

and the helicity frame pion decay angles θ∗π , φ
∗
π .
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Angles in the helicity frame

cos θ∗π is linear in s1 = (q′ + pπ)2;

cosφ∗
π is linear in t2 = (p′N − pN)

2;

Polar and azimuthal angle through the Gram
determinants:

cos θ∗π =

G2

(
k1 + k2, q′

k1 + k2, k1

)
{∆2 (k1 + k2, q′)∆2 (k1 + k2, k2)}

1
2

;

sin2 φ∗
π =

∆2 (k + q, q′)∆4 (k + q, q′, k, k2)

∆3 (k + q, q′, k)∆3 (k + q, q′, k2)
;

Gram determinants:

Gn

(
p1, . . . , pn
q1, . . . , qn

)
= det

(
pi · qj

)
;

Symmetric Gram determinants:

∆n (p1, . . . pn) = Gn

(
p1, . . . , pn
p1, . . . , pn

)
= det

(
pi · pj

)
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How to treat the angular structure? Real-valued spherical harmonics.

Partial wave expansion both in θ∗π ⇔ α and φ∗
π .
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PW expansion of π → ππ GPDs

PW expansion in angles θ∗π and φ∗
π for unpolarized GPD:

Hπ→ππ(x, ξ, t,W 2
ππ, θ

∗
π, φ

∗
π) =

1√
1 − cos2 θ∗π sinφ∗

π

∞∑
ℓ=1

−1∑
m=−ℓ

Hℓm
π→ππ(x, ξ, t,W 2

ππ) Yℓm(θ∗π, φ
∗
π);

N.B. Spherical harmonics in are odd under φ∗
π → −φ∗

π .

PW expansion in angles θ∗π and φ∗
π for polarized GPD:

H̃π→ππ(x, ξ, t,W 2
ππ, θ

∗
π, φ

∗
π) =

∞∑
ℓ=0

ℓ∑
m=0

H̃ℓm
π→ππ(x, ξ, t,W 2

ππ) Yℓm(θ∗π, φ
∗
π);

N.B. Spherical harmonics in are even under φ∗
π → −φ∗

π .
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Soft pion theorems for π → ππ GPDs

Sangyeong Son, studies under way

Soft pion ≡ W = 2mπ ;

PCAC: trade soft pion for a chiral rotation;

Only the chiral rotation of the operators is relevant:[
Qa

5 , ψ̄(x)γµt
bψ(y)

]
= iεabc ψ̄(x)γµγ5t

cψ(y)[
Qa

5 , ψ̄(x)γµγ5t
bψ(y)

]
= iεabc ψ̄(x)γµt

cψ(y);

The structure of the soft pion theorems is simpler than in N → πN case.

Polarized isovector π → ππ GPD is expressed at the threshold in terms of the usual pion
isovector GPD.

Unpolarized π → ππ GPD is zero at the threshold.
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How to go beyond the threshold? I (in collaboration with H. Son)
The Watson’54 final state interaction theorem for π → ππ transition GPD:

for W 2
ππ < 16m2

π : Im H̃ I
π→ππ(x , ξ,w

2, θ∗π , φ
′
π)

=
1

2!

∫
d(phase space)

(
H̃ I
π→ππ(x , ξ,w

2, θ′π , φ
′
π)

)∗
AI
ππ(k1, k2|k ′

1, k
′
2)

ππ-scattering amplitude:

AI
ππ = 8πWππ

∑
ℓ

(2ℓ+ 1)aIℓ(W
2
ππ)Pℓ [cos (θcm)] .

Elastic unitarity condition:

Im aIℓ(W
2
ππ) = |k⃗1||aIℓ(W

2
ππ)|2;

δIℓ
(
W 2
ππ

)
are the ππ scattering phases:

aIℓ(W
2
ππ) =

1

|k⃗1|
sin

[
δIℓ

(
W 2
ππ

)]
e iδ

I
ℓ(W

2
ππ).
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How to go beyond the threshold? II

The equation for the expansion coefficients H̃ I
ℓ;m:

Im H̃ I
ℓ;m(x , ξ,w

2) = tan
[
δIℓ

(
w2

)]
Re H̃ I

ℓ;m(x , ξ,w
2).

Omnes’58: N-subtracted dispersion relation

H̃ I
ℓ;m(x , ξ,w

2)

=

N−1∑
k=0

w2k

k!

dk

dw2k
H̃ I
ℓ;m(x , ξ,w

2 = 0) +
w2N

π

∫ ∞

4m2
π

ds
tan

(
δIℓ(s)

)
Re

{
H̃ I
l ;m(x , ξ, s)

}
sN (s − w2 − iϵ)

.

The Omnes solution (for N = 0):

H̃ I
ℓ;m(x , ξ,W

2) = H̃ I
ℓ;m(x , ξ,W

2 = 4m2
π) exp

[
1

π

∫ ∞

4m2
π

ds
δIℓ(s)

s −m2
ππ − iϵ

]

Transition GPDs are complex functions above threshold!
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Summary and Outlook
1 New tool for baryon spectroscopy: arbitrary spin-J probe and PW analysis of excited

states.

2 A new bridge between PW analysis and QCD.

3 Access to N → N∗ EMT matrix elements: mechanical properties of resonances.

4 A lab for chiral perturbation theory on the light cone: soft pion theorems and chiral
expansion.

5 GPD formalism worked out for N → ∆(1232), P11(1440), D13(1520), S11(1535). Can be
studied at JLab@12 GeV and an option for JLab@22 GeV.

6 A development for hyperons N → Λ,Σ and production of strange mesons?

7 π → ππ and N → πN transition GPDs emerge as a tool to study the spectrum of hadrons.

8 First step: development of the formalism for π → ππ transition GPDs: Abel tomography,
threshold theorems and the Omnes dispersion relations.

Thank you for your attention!
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