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Thermodynamics of ideal gas (example)
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 V = NkB⇥

temperature

Volume

T=0

Pressure Temperature



dV

Thermal equilibrium
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Temperature is homogeneous. 
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dN
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dE

PressureTemperature Chemical potential
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dE = ⇥dS � dV + �dN

First law of thermodynamics:
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dS

Observer watches the whole system.



The Newtonian theory of heat propagation

In Newtonian theory of thermodynamics, information propagates with infinite speed. 
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~q = �r⇥,

Evolution of temperature distribution: 

Heat equation: 

Combining the two, the resulting heat equation takes parabolic form, making causality problem(?). 

Heat 
conductivity
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To rectify this deficiency, Cattaneo and others introduced a small positive time parameter: 

Cattaneo equation:

This equation restores causality at the cost of introducing a term  
that does not come from underlying microphysics. 

relaxation time scale of a medium
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Temperature
Heat

specific heat for 
constant volume



Note that gravity is a local theory. 
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In general, there is no general relativistic rules on how the local thermodynamic parameters connects with  
some notion of global parameters. 

However, with various assumptions, we can proceed. 



Process for relativistic thermodynamics

1) Write in terms of densities (localize)

2) Rewrite the densities into vector fluxes

3) Construct action and find variational relation describing 
thermodynamics

4) Apply the 2nd law of thermodynamics



Going to relativistic thermodynamics:  1) writing in terms of densities
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⇢+ = ⇥s+ �n
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d⇢ = ⇥ds+ �dn

Then, the densities must be a scalar density measured by a comoving observer with the fluid element. 
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Here, S, V,N are extensive quantities.
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dE = ⇥dS � dV + �dN
<latexit sha1_base64="DYLjORt+IhMSwT3fWYJjI4qRBh4="></latexit>

We can use scaling symmetry Q ! �Q for extensive quantity to get
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�(dE �⇥dS + dV � �dN) + d�(E + V � �N �⇥S) = 0

Set k_B =1.

1) Write in terms of densities (localize)
eg, ideal gas law,



2) Write in terms of  vector fluxes (2-fluid model)
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~s = s~v
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~v

Trajectory of particle
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Trajectory of particles
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qa

⇥
, qaua = 0.

•  N. Andersson and G. L. Comer, Living Rev Relativ 24, 3 (2021) 

Heat flux

Why this ‘q’ is heat flux? 

Later when we write the stress tensor, we find that  the T_{0i} component is expressed by the `q’ part.

Eckart frame:  Usually, one choose the number flux direction to be parallel to the time direction of comoving observer.

Entropy wrt a 
comoving observer



Process for relativistic thermodynamics

(conjecture) Extended irreversible 
thermodynamics (Jou et.al., 1993)

This result naturally signifies the heat dependent energy density!
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⇢(n, s,#)

•  N. Andersson and G. L. Comer, Living Rev Relativ 24, 3 (2021) 

3) Construct action and find variational relation 
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d⇢(n, s,#) = �dn+⇥ds+ &d#, # ⌘ �q,
First law of thermodynamics:

Correction from thermal 
equilibrium due to heat 

Heat

(later pages)

One of the main results is

• HCK, Y. Lee (2022), HCK (2023) etc. 

• arXiv:2311.06994 (HCK)



Thermal equilibrium
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No heat etc

Static system
Geometry is static.  

Temperature, energy density 

      etc are time-independent.

Tolman  
temperature

An interesting result of relativistic thermodynamics:

Hot

Cold

comoving observer



In the presence of gravity, the zeroth law of thermodynamics will be violated!
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,

Tolman
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Thermal equilibrium,  
Static geometry.

Tolman



May, 2018,  Int. J. Mod. Phys. DA main supporting argument is
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If  the temperature gradient is dependent on the matter 
kinds, the radiated photons from the above and from the 

bottom may not have the same temperature. 
 

Then,  By putting some photo-tube which connect the top 
and the bottom one can construct a permanent engine.   

To avoid a permanent engine, the Tolman temperature 
gradient must be independent of the matter contents. 

matter other than photon
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Variational formulation for Fluid dynamics:  One fluid case:
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Eulerian variation and Lagrangian variation
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See Ref. Covariant thermodynamics & Relativity  

by Cesar Simon Lopez-Monsalvo (2011)



Construction of matter space Carter(1989)

Particles 

The  matter space (3D)
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NA, A = 1, 2, 3

define a 3-form field,  which depends only on  
the matter space coordinates.
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nABC(N
D)

Because, n_ABC is a completely antisymmetric on ABC, 
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dn = nABC,DdND^dNA^dNB^dNC = n[ABC,D]dN
D^dNA^dNB^dNC
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The variational formulation: One fluid 
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t

The  matter space (3D)

Carter(1989)

The particle number conservation:
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NA, A = 1, 2, 3
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NA(xa)
a scalar function  

on spacetime. 
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r[anbcd] = 0 ! ran
a = 0.

By construction, the particle number is conserved.

particle number!
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Proof: next page
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Congruence of world-lines
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Check for the DOF:

(10)
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Variational formulation for Fluid mechanics (one fluid case)
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The action: 
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Gab = TabThe Geometry:

Then, the (unconstrained) variation of the Lagrangian density becomes, 

+ total derivatives
<latexit sha1_base64="xgrg0kdARgW822KJmeiItPucooU="></latexit>

�a ⌘ @⇤

@na : The canonical momentum.

Contribute to 
Stress tensor
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Then, the equation of motion becomes, 
<latexit sha1_base64="jjM3o5LdfVtWjRn13sSjBRHyQEE="></latexit>

�a = 0. This result is not so interesting. 
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Action principle for the fluid: For an isotropic system of the fluid, the matter Lagrangian,       , should be a scalar. 
At present, if we have a single matter,          , it must be a function of   
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The reason is that all the variations are not free because of the particle number conservation law. 



The (constrained) variational formulation: One fluid 3 Carter(1989)

Back to the variational principle, introduce the Lagrangian displacement,       
tracking the motion of the fluid element. 
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Congruence of world-lines
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Then, the (constrained) variation of the Lagrangian density becomes



Interpretation of the equation of motion

The vorticity two-form: 
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!ab = r[a�b]

This equation plays a crucial role in fluid dynamics (Carter 1989, Bekenstein 1987) in explaining  
                turbulence (Pulling and Saffman 1998) and Kelvin-Helemholtz theorem (Landau-Lifschitz 1959). 
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Geometrical interpretation of the EOM

Geometrically, the two-form is a collection of oriented world-
tubes. The four-velocity of the individual fluid element lies 

inside the world-tube.  

Consider the closed black contour.  
If that contour is attached to fluid-element worldlines, then the 
number of world-tubes contained within the contour will not 
change (Kelvin-Helemholtz theorem).

Andersson &Comer(2021)
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Helmholtz’s theorem:

Helmholtz’s theorem (wiki): 

26

time independent.

vortex line moves with the fluid. 



Dissipative action principle

27Picture from pixabay

The creation rate =0 is unsatisfactory!



Minimal model for heat conduction: Two-fluid model
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matter space  for entropy flux (3D)
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Let the three form field n residing on the matter space {NA}  depend on other matter space {SE} too:
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Dissipative action principle
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Let the three form field n residing on the matter space {NA}  depend on other matter space {SE} too:
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n ⌘ nABC(N
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<latexit sha1_base64="a5nyuubC3ktjbxbIvqdMgaaLqbY="></latexit>

�N ⌘ ran
a =

X

S 6=N

1

3!
✏abcd

@SA

@xa

@NB

@xb

@NC

@xc

@ND

@xd

✓
@nBCD

@SA

◆
6= 0.

Then, the creation rate of n^a does not vanish because of the {SE} dependence:

The creation rate is determined by how much the three form field depends on the other matter space 
coordinates. 



Dissipative action principle
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Now, we may introduce a Lagrangian displacement        , tracking the motion of the fluid element. 
From the standard definition of Lagrangian variations,                                        we have
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Then, the matter space variation becomes, 
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Straightforward calculation gives, 



Dissipative action principle

Based on the result, we get the variation of the Lagrangian density, (up to total derivatives) 
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Equation of motions:
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Second law of thermodynamics:
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Resistivity



Proof for variational formulation is compatible with non-vanishing creation rate:



Adding viscosities, etc
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is the induced metric.

This generalization develops dissipative stresses. 
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Thanks for listening !


