Transverse Momentum Dependent PDFs in Chiral

Perturbation Theory

Marston Copeland  Thomas Mehen

Duke University

April 5, 2024

M. Copeland (Duke University) TMD PDFs in ChPT April 5, 2024



Table of Contents

© Review of PDFs and TMDs

© Matching PDFs onto Chiral Perturbation Theory
© Matching TMDs onto Chiral Perturbation Theory
@ Calculating TMD splitting functions

© Numerical Results

M. Copeland (Duke University) TMD PDFs in ChPT April 5, 2024



Table of Contents

© Review of PDFs and TMDs

M. Copeland (Duke University) TMD PDFs in ChPT April 5, 2024



Parton Model

@ Assumes that parts of a hadron (partons) carry fraction of a hadron’s
collinear momentum.

M. Copeland (Duke University) TMD PDFs in ChPT April 5, 2024



Parton Distribution Functions

@ Partons obey distribution functions according to the fraction, x,

involved in the scattering.
1

NNPDF3.0 (NNLO) ]
x(xu?=10 GeV?) |

g/0

0.9 0.9k

x(xu2=10" GeV?) ]

08 0.8f =

07l ] 07k E
06 ] 0.6} E
05 : o.si 3
0.4f ] 0.4f 3
0.32 E

0.2? E

0.1 E

ot '

10° 107 107 1 10° 107 10 1

M. Copeland (Duke University) TMD PDFs in ChPT April 5, 2024



Parton Distribution Functions

Parton Distribution Functions (PDFs)

Defined in terms of nonlocal QCD operators

fulx) = [ e 0P (HIT(b7)Wa(b™, 0} (0) )

@ Nonperturbative - encode physics happening at hadronic scales
(AQCD ~ 200 MeV).
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TMD PDFs

Transverse Momementum Dependent PDFs (TMD PDFs)

Generalizations of PDFs that describe the 3D structure of hadrons.

fiulx, br) = [ e P (HIT(b™, br) We(b,0)(0) )

@ Appear in QCD factorization theorems and are extremely interesting
to the community.
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Can you calculate TMD PDFs in an effective theory?

@ Systems with heavy quarks use heavy quark effective theory and
non-relativistic QCD to study TMDs?3.

Q —_m — m~ ok

e What about systems with only light quarks and gluons? (pions,
kaons, protons, etc.)?*

p

2R. von Kuk, J. Michel, and Z. Sun. JHEP 09 (2023) 205
3M. Copeland, S. Fleming, R. Gupta, R. Hodges, and T. Mehen. PRD 109 (2024) 5, 5
4F. He and P. Wang. PRD 100 (2019) 7, 074032
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Chiral Perturbation Theory

@ Chiral Perturbation Theory (x-PT) is an effective field theory of QCD
where the interactions are written in terms of hadronic degrees of
freedom.

Neutron Proton

Quantum
Chromodynamics

u
ud Lk

Proton Neutron

Chiral Effective-Field Theory
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SU(2) Chiral Lagrangian

@ The Chiral Lagrangian invariant under SU(2); x SU(2)r
transformations is

_ _ 2
L= N(ilp— MN + %Nv“%uuN + = Tr[0'x 10,5,

@ The sigma fields are in an exponential representation,

e (B) = (05

@ Chirally covariant derivative and chiral vielbein
1
Dy =9y + Ty, M, = 5(gfaug +£0,¢7)

uy =i(€10,€ — €0,8),
where €2 =¥
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Transformation properties

@ The fields transform like
N(x) = U(x)N(x), &(x) = LE)UT(x) = U(x)E(x)R,
Y(x) = LXR

under SU(2), x SU(2)g chiral transformations.

@ This will be important later!
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How do you describe PDFs in xPT?

Problem : PDFs are nonlocal
We usually match onto local operators in an effective theory.

Local operator in QCD — Local operator(s) in effective theory
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How do you describe PDFs in xPT?

o Luckily, PDFs can be written in terms of local twist-two operators®,
db™ _,- — _
500 = [ Soe PO XIT(B W)W (0)0(0) 1X)
:/db_ ib™ (CP*)Z ’b )" (X|@pra(in- D)< | X).

5J. Chen and X. Ji. PRL 87 (2001) 152002
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Matching Collinear PDFs onto xPT

@ Matching procedure for local operators is well understood.
Local operator — Local operator(s)

Ogcp — Oypr
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Matching Collinear PDFs onto xPT

@ Match onto chiral operators with same symmetries as PDF.

Pr2(in- D)kp =Y ck 01
H

@ The cé‘H are high energy matching coefficients.
o They describe physics at scales p > A, ~ 1.6 GeV.

@ The Ol,f,’a are the chiral effective theory operators,
o They describe low-energy physics at scales p < A, ~ 1.6 GeV.
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Chiral operators

@ The twist two QCD operators are matched onto leading order
operators in pr /Ay, mz /A, expansion,

ppr(in - D)y —

2
Ok = %Tr [XTr9(n - 9)*E + £72(n - 0)* L]
Oy’ = %N,s €72 (in - 9)* ¢ + &r2(in - 9)< TN,

onka = %ANW-, (€172 (in - )K€ — r2(in - 9)F LT N,
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Hadronic Splitting functions

@ Chiral operators define moments of hadronic splitting functions,
X0k 1X) = (P [ dBs*~fux(5).

@ Inverting the Mellin transform gives an explicit definition,

fux(8) = [ Ge PP (X1 Ol 0)1). J

p

O
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What are these new xyPT operators?

o Chiral operators in splitting functions are nonlocal,

02(b~,0) = %ETr[ZT(b_)Ta(in -9)X(0) + X(b™)72(in - )XT(0)],
Oj(b™,0) = %_(b VAT (b7)72€(0) + £(b7) 7€ (0)] N(0),

R (b7,0) = EAR(b )s [€1(67)7€(0) — £(b7)7%€1(0)] N(0).
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Side note: Chiral invariance of nonlocal operators

The nonlocal operators are still chirally invariant. \

@ The £(x) fields cancel out the U(x) dependence from the nucleon’s
transformation.

N(x) = U)N(x),  &(x) = LE(x)UT(x) = U)E()RT

SO

[ CNG)] = RIEGIN)], [EGIN()] = LIEG)N(x)]-
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Side Note: Matching nonlocal operators

@ Note, the PDF operator is like a nonlocal vector current in QCD

S = ()7 ()

Obpr(b™,0) = (b7 )W(b,0)fi%¢(0)

@ Our splitting function operators are like nonlocal vector currents in
xPT

)
S = %ﬂ[ZT(x)f"’a“Z(x)ﬁ(x)f"’@“Z*(X)]

02(b~,0) = %T?Tr [XT(b7)72(in - 9)£(0) + X (b~ )7 (in - 9)X'(0)]
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Back to the derivation: Matching coefficients

@ High energy matching coefficients define moments of QCD PDFs of
parton in intermediate hadron,

cg,_, = /daak_qu_?)(a).

o Still describes the high energy physics of the system (p > A, ~ 1.6
GeV).
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Convolution formalism

o Use
X0k 1X) (P*)F [ 35" Hfix(9)
c(l,‘,_, —/daak_lql(,_(,))(a)
to derive,

qu(C)ZzH:/; %qff)(a)mx(g) J

p
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TMD Splitting Functions

@ To extend this approach to the TMD PDF, define TMD hadronic
splitting functions
db~

Ax(B,b7) = [ e PP (X| O}(5,0) ). J

where the chiral operators now have transverse and lightlike
seperation, b= (b—,0,b7).
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TMD Splitting Functions

@ Like the nonlocal operators we saw before, but now with b,

0i(b,0) = ”2Tr [ZT(b)T"”(n -9)Z(0) + X(b)T(n- )ZT(0)],

(b,0) = SR(B)A[! (b)7°(0) + E(B)7¢ " (0)] N (0).
OR(5,0) = ELN(b)yivs [¢!(b)7€(0) — (B)r¢" (0)] N(0).

e B

N

@ These are still chirally invariant!
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Matching coefficients

@ The matching coefficients are now TMD distributions in the
intermediate hadrons (in the chiral limit)

i (0sbr) = [ S P () W (5,00 0) ) o

@ These still describe high energy physics!
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TMD convolution

@ Remember the collinear convolution is

fax(¢) = Z/ da (0) fo(g)

@ The TMD analog is,

fax(¢,bT) = Z/ —q,_, o bT)fHX<§7bT>~ J
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TMD convolution

@ Importantly, this conserves momentum,

fax(€,971) :Z/dszGQCIT/ ()( ,I)T)fo(£ k)
H

x 83 (pr +kr —ar).

4F. He and P. Wang. PRD 100 (2019) 7, 074032
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Low energy limit of the formalism

@ The coefficients describe the high energy physics of the system

(P = Ay).
o Ay > Agcp ~ 200 MeV.

o If the total transverse momentum is small, g7 ~ m; ~ Agcp.

(¢, ar) = Z/ —q,.? fHX(é»QT)- J

@ i.e., matching coefficients have nothing to say about the transverse
momentum dependence.
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High energy limit of the formalism

o Likewise, if the total transverse momentum is large,
a7 > my ~ Agcp, then we can expand in /\%,CD/qu,

a5 [ % [ (s )oions($) o)

@ Like the usual operator product expansion (OPE) applied to TMDs.
o Cpq is a perturbatively calculable coefficient.
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Calculating splitting functions

@ Need to calculate the TMD hadronic splitting functions in xPT.
@ The chiral operators are in terms of exponentials of pion fields.
o Not practical!

o) - (0 5)

@ Need to expand in my/f; or p./fr.
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Expanding operators

@ Expand the nucleon operator up to O(m2/f£?),

OR(b.0) = S R(B)B[E! (6)7€(0) + £(b)°€ (0)] N(0).

— N(b)h [Ta + 41@2 <T ()T W(O))
1 3 3

Nz ((T -m(b))?* 7 + (7 - 7r(0))2> + O(Zsz’ 7\%)] N(0).

@ Three types of terms!
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Expanded Nucleon Operator

@ One nucleon at each point.

O3(b,0) = N(b)p [Ta + 41@2 (T ()T W(O))

- g (o mter o xR + 0 7252 ) o)
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Expanded Nucleon Operator

@ One nucleon and one pion at each point.

03(b,0) = /\‘/(b),s[Ta + 422 <T - 7(b)rr - 71'(0))

- g (o mter o xR + 0 7252 ) o)
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Expanded Nucleon Operator

@ One nucleon at each point and two pions at b or 0.
- 1
On(b,0) = N(b);ﬁ[T" + 172 (7‘ - m(b)TT - F(O))
= (o) s o n0)2) + 0 P2 2 ) [ vgo
8f2 /\;’ /\i ’

K
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Nucelon Feynman Diagrams

@ These three terms generate different Feynman diagrams.

@ Use Feynman rules to calculate the splitting functions.
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Why draw the diagrams like this?

@ Operator Of, has fields at b and 0.

7T+ /’——\\

Vs Y

\

/ \
/ \
¢ » °

a
p A p
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Why draw the diagrams like this?

@ Operator Of, has fields at b and 0.
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Why draw the diagrams like this?

@ Operator Of has fields at b and 0.
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Nonlocal Feynman Rule

@ Generically we have,

— q2 . _ .
/ db(z:)? Te PIO" e=brar (] O(b)O(0) |N)

This is equivalent to
(V] 0(0)5@(Pr —a7)d(n- P — (1~ B)PT)O(0)IN) .

Where P projects out intermediate state momentum.
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Nonlocal Feynman Rule

Additional Feynman Rule

Add delta functions conserving momentum at the point b

0@ (Pr —ar)d(n-P —(1—p)PT)
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Nucleon Splitting Function

@ Using xPT Feynman rules, the first diagram gives

21a 4 H H
f, = P
(5, ar) 4f2 /(27r)4”( )k%(P—k)Z—M2+iek2—m,2,+ieﬁ

i(P—k+M)
(P— k)2 — M2+ e

vsku(P)sP (kr — qr)d(kt — (1 - B)PT).

0 - b

M. Copeland (Duke University) TMD PDFs in ChPT April 5, 2024



Nucleon Splitting Function

@ Using xPT Feynman rules, the first diagram gives

21a 4 H H
f, = P
(5, ar) 4f2 /(27r)4”( )k%(P—k)Z—M2+iek2—m,2,+ieﬁ

i(P—k+M)
(P— k)2 — M2+ e

vsku(P)oP) (kr — qr)d(kT — (1 - B)PH).

0 - b
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Nucleon Splitting Function Answer

@ Average over spins and evaluate the k= integral:

galim M2m2B(8 — 1)
16m3ME2 \ g% + M2(1 — )2+ m2f3

()

fan(B,aT) =
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All Diagrams

O3
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All Diagrams
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@ Only the diagrams with “cuts” have nontrivial transverse momentum

dependence.
- b 0 - b 0 - b
/ Vs / (]
I I_-- I [
| == | !
-T-Tr-—- |

| | |
I ! !

4 4 'I
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@ Domain of plots:
e Stay in “small” q7 region : 0 < q7 <1 GeV.
o Stay away from “lightfront zero-mode”, §(1 — 3), so plot

0.2< <038
@ Plot isovector splitting functions for u — d distribution, i.e., take take
@ =13=0,.

e The isospin factors are I,(V'L’) =-1, Iﬁ;(iv) =8, and /7(ri;,/) = 8.
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TMD hadronic Splitting Functions

v

— oy — i — o

—

B=0.2 3=0.3
/ /
5 =0.6 & B#=038 B=09
_2/ //
-6
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 1.0
qr [GeV]
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Nontrivial Check

Ward Identity

Note: 3" + £i% + 4fiy = 0.

@ A constraint required by the gauge invariance of the theory.
o Our results satisfy this for all values of k and 5.
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Reviewed how yPT can be applied to PDFs.
Extended this framework to match TMD PDFs onto xPT.

Calculated the TMD hadronic splitting functions at next-to-leading
order in the chiral expansion.

Studied the TMD hadronic splitting functions numerically.
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Theoretical Outlook

@ Many future directions.

Include A resonance.

Extend to SU(3).

Study polarized TMDs.

Study TMDs of other hadrons (like pions).
Include higher order corrections.

Study TMD fragmentation functions.
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Phenomenological Outlook

@ Want to compare TMD splitting function calculations with data!

e Need pion (TMD?) PDFs, polarized proton PDFs, etc.
e Want to explore validity of different “regimes”.

Low energy
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