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Light Cone

-Wikipedia

A light-cone is the path that a flash of light, emanating from a single
event (localized to a single point in space and a single moment in
time) and travelling in all directions, would take through space-time.
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Light-Front Dynamics

Acc. to P.A.M. Dirac three forms of dynamics are possible.

Instant Form (x0 = 0)

Point Form (xµx
µ = a2 > 0)

Front Form (x+ = x0 + x3 = 0)

One may set up a dynamical theory in which the dynamical variables
refer to physical conditions on a front x+ = 0. The resulting
dynamics is called light-front dynamics, which Dirac called front-form.

According to Dirac (1949) “.... the three-dimensional surface in
space- time formed by a plane wave front advancing with the velocity
of light. Such a surface will be called front for brevity ”. An example
of a light- front is given by the equation x+ = x0 + x3 = 0.
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Light-Front Dynamics

Figure: Dirac’s Three Forms of Dynamics

-Phys.Rept. 301, 299(1998)
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Why Light-Front Dynamics?

A relativistic system is required to satisfy two principles: It is invariant
under infinitesimal inhomogeneous Lorentz transformations
(relativistic principle) and it is a Hamiltonian system (quantum
mechanics).
A dynamical system is characterized by ten generators of the Poincare
group, which are determined by the Hamilton equations.
In instant form, dynamical variables refer to some physical conditions
at some instant of time. Invariant quantities are translations and
rotations.
In Point form, inhomogeneous Lorentz transformation is simple but all
the four-vector momenta Pµ are dynamically dependent.
In front form, out of the ten generators of Lorentz group only three
are dynamically dependent (instead of four in other forms).
Furthermore, there is no square root for the Hamiltonian which might
simplify the dynamical structure since a square root relation between
the energy and momentum cannot provide a simple picture of the
bound state Schrödinger equation.
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Light-Front in QCD

Quantum Chromodynamics provides a fundamental description of
hadronic and nuclear structure and dynamics in terms of their
elementary quark and gluon degrees of freedom.

One of the most outstanding problem of particle physics is to unravel
the internal structure of hadrons such as proton and neutron in terms
of their fundamental quark and gluon degrees of freedom.

Light Front QCD (LFQCD) is an ab initio approach to strongly inter-
acting system. It is like perturbative and lattice QCD directly
connected to the QCD Lagrangian, but it is a Hamiltonian method,
formulated in Minkowinski space rather than Euclidean space. The
essential ingredient is Dirac’s front form of Hamiltonian dynamics,
where one quantize the theory at fixed light-cone time τ = t + z/c
rather than ordinary time t.
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Probing Hadron Structure

Figure: The pictorial comparison of form factors, parton distributions and zero
skewness GPDs.

-1212.1701

Form factors describe the transverse localization of partons in a fast moving
nucleon, irrespective of their longitudinal momenta.

Parton densities provides the probability to find partons of a given
longitudinal momentum fraction x of the parent nucleon with transverse
resolution 1/Q , no information on the transverse position of partons is
accessible.
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Generalized Parton Distributions (GPDs) [See M.Diehl, Phys. Rep.
388, 41 (2003)]

In recent years it has become clear that appropriate exclusive
scattering processes γ∗p → γp(DVCS) can provide missing
information in PDFs encoded in GPDs.

GPDs are much richer in content about the hadron structure than
ordinary parton distributions.
GPDs allows us to access partonic configurations with a given
longitudinal momentum fraction, but also at specific location
(transverse) inside the hadron.
GPDs provide a 3-D picture of the partonic nucleon structure. From
3-D we meant that GPDs encode information on the distribution of
partons both in the transverse plane and longitudinal direction.
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GPDs continue...

Unlike PDFs, GPDs have dependence on x , ζ, t = −∆⃗2
⊥.

The Fourier transform of GPDs w.r.t impact parameter gives the
impact parameter dependent parton distribution function (ipdpf).

H, E(x , b⃗⊥) =
∫

d2∆⃗⊥
(2π)2

e−ι∆⃗⊥·b⃗⊥H,E (x , 0, t).

-M. Burkardt Phys. Rev. D 62 071503 (2000)

-Int. Jou. Mod. Phys. A 18 173 (2002)

Image courtsey 1212.1701

Thus, distribution of parton is obtained in position space i.e.. x and
b. GPDs in impact parameter space as probability densities in 2
transverse coordinates and 1 longitudinal momentum.
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Properties of GPDs

Forward limit: ordinary parton distriutions

H(x , ξ = 0, t = 0) = f (x) -unpolarized quark distributions.

H̃(x , ξ = 0, t = 0) = ∆f (x) -long. polarized quark distributions.

HT (x , ξ = 0, t = 0) = h1(x) trans. polarized quark distributions.∫
dx H(x , 0, t) = F1(t) -Dirac Form Factor.∫
dx E (x , 0, t) = F2(t) -Pauli Form Factor.∫
dx H̃(x , 0, t) = GA(t) -Axial Form Factor.∫
dx Ẽ (x , 0, t) = GP(t) -Pseudoscalar Form Factor.

Narinder Kumar Doaba College, Jalandhar, India (Based on N. Kumar & C. Mondal Nucl. Phys. B 934 226 (2018) Jai More & N. Kumar (under preperation))Electron Structure & Mechanical Properties in Light-Front QED Model20 June 2025 11 / 60



Transverse Momentum Dependent Parton Distributions (TMDs)[See
TMD Handbook arXiv:2304.03302]

But still we need information on the distribution of partons in
momentum plane.

Much more comprehensive picture of the nucleon structure can be
obtained by considering GPDs as discussed above and by TMDs
entering the description of various hard semi-inclusive reactions.

TMDs can be accessed through semi-inclusive deep inelastic
scattering (SIDIS) l + N → l + h + X or Drell-Yan process
p + N → l+ + l− + X .

TMDs are of particular importance because they give rise to single
spin asymmetries (SSAs).

Single spin phenomena were measured by various experiments at
Fermilab, RHIC as well as at COMPASS and HERMES collaboration.
An important object in this context is the T-odd Sivers function,
denoted by f ⊥1T .
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TMDs [See D. W. Sivers, Phys. Rev. D, 41, 83, 1990 & D. Boer
and P. J. Mulders, Phys. Rev. D 57, 5780 ,1998]

The Sivers distribution function f ⊥1T describes the difference between
the momentum distributions of unpolarized quark inside the nucleons
transversely polarized in opposite directions.

There is another distribution function called as Boer-Mulders
distribution function h⊥1 . It describe the difference between the mo-
mentum distributions of the quarks transversly polarized in opposite
directions inside the unpolarized nucleon.
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Leading Twist TMDs (08 Independent TMDs)

f1(x , p⃗⊥) -Unpolarised quarks in an unpolarised nucleon (Unintegrated
unpolarised distribution).

g1L(x , p⃗⊥) -correlate longitudinal spin of quark with longitudinal spin
of nucleon (Unintegrated helicity distribution).

h1T (x , p⃗⊥) -correlate transverse spin of quark with transverse spin of
nucleon (Unintegrated transverse distribution).

f ⊥1T (x , p⃗⊥) -Sivers function-correlate unpolarised quark with
transversely polarised nucleon.

h⊥1 (x , p⃗⊥) -Boer-Mulders function- correlate transversely polarised
quark with unpolarised nucleon.

g⊥
1T (x , p⃗⊥), h

⊥
1L(x , p⃗⊥), h

⊥
1T (x , p⃗⊥) - different double spin correlations
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Wigner Distributions

Wigner distributions were first introduced by E. Wigner to study
quantum corrections to classical statistical mechanics.

E. Wigner Phys. Rev, 70 749 (1932)

Strict interpretation of definite position and momentum fails for
quantum particle due to uncertainty principle.

Wigner distribution can normally have negative values: smoothing the
Wigner distribution (Huismi distribution) results in a positive
semi-definite function.

correlations of quark momentum and position in the transverse plane
as function of quark and nucleon polarizations.

no known experiments can directly access them → requires
phenomenological models.
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Wigner Distributions

In QCD, Wigner distributions were first introduced by Xiangdong Ji

-Phys. Rev. Lett. 91 062001 (2003)

5-D Wigner distributions can be studied in infinite-momentum frame
or light-cone formalism.

Lorce & Pasquini 2011

Advantage: provides boost-invariant definition of Wigner
Distributions.

Integrating over transverse momentum, Wigner distributions reduce
to the Fourier transform of GPDs.

Integrating over transverse position b⃗⊥, they reduces to TMDs.

they are also related to orbital angular momentum carried by the
quarks in the nucleon.
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Wigner Distributions

Wigner distributions can be obtained from generalized transverse
momentum dependent parton distributions (GTMDs) which are also
called as mother distributions.

GTMDs parameterize the off-forward transverse momentum
dependent quark-quark correlator.

W Γ(∆⃗⊥, p⃗⊥, x) =

∫
dz−d2z⊥
(2π)2

e ip·z⟨P ′|ψ̄(−z/2)ΓW[− z
2
, z
2
]ψ(z/2)|P⟩

ρΓ(b⃗⊥, p⃗⊥, x) =

∫
d2∆⃗⊥
(2π)2

e−ι∆⃗⊥·b⃗⊥W Γ(∆⃗⊥, p⃗⊥, x)

Γ = γ+, γ+γ5, ισ
+jγ5(leading-twist operators)

-Stephan Meißner et al JHEP08(2009) 056
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From many years, it was not possible to access the GTMDs from
experimental point of view.

However, recently processes like exclusive double Drell-Yan process
make it possible.

S. Bhattacharya et. al. Phys. Lett. B 771 396 (2017).

Figure: Leading order diagrams for DDY processes πN → γ∗1γ
∗
2N

′

this process in sensitive to GTMDs in the ERBL
(Efermov-Radyushkin-Brodsky-Lepage) region.
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Figure: Connections between different quantities describing the distributions of
quarks inside the nucleon.

-Image courtsey:1212.1701
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Light-Front QED Model

What is the shape of the electron?

Most probably our answer is spherical but electron is a point particle
having no underlying substructure.

In quantum electrodynamics (QED) electron is considered as an
elementary field.

When we talk about the electron “structure”, what we are actually
doing is probing the fluctuations in the quantum theory.

According to quantum theory, one can consider the fluctuations of
electron into electron-photon pair i.e. e → eγ → e with same
quantum number.

The virtual photon further broke up into virtual electrons and
positrons with all possible combinations.
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Thus, as a result bare electron is no more an isolated particle but it is
surrounded by virtual cloud of electrons, positrons and photons.

Therefore, bare electron becomes a dressed electron and one can
consider electrons, positrons and photons as composite particles in
the original electron.

The structure of the electron can be revealed when virtual cloud
interacts with a probe, the parton content of the electron is resolved.

The Schwinger one-loop radiative correction to the electron current in
QED has played a historic role in the development of QFT.

In the language of light-cone quantization, the electron anomalous
magnetic moment ae = α

2π is due to the one-fermion one-gauge boson
Fock state component of the physical electron.

An explicit calculation of the anomalous moment in this framework
have been already done by Drell and Brodsky (Phys. Rev. D 22
(1980) 2236).
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Light Front Wave Functions in QED Model

We consider physical electron as a composite system comprising of a
bare electron accompanied by its quantum fluctuations such as virtual
photons, electron- positron pairs.

|e−⟩physical = |e−⟩+ |e−γ⟩+ |e−e+e−⟩+ ......

We evaluate the results for the Wigner distribution of the physical
electron by considering it as a two particle state (electron and
photon). The two particle Fock state for an electron with Jz = ±1

2
has four possible combinations.

|e−(P+
, P⊥ = 0)⟩↑,↓2p =

∫
dx d2 p⃗⊥

16π3
√

x(1 − x)

{
ψ

↑,↓
1
2
,+1

|
1

2
,+1; xP+

, p⃗⊥⟩ + ψ
↑,↓
1
2
,−1

|
1

2
,−1; xP+

, p⃗⊥⟩

+ ψ
↑,↓
− 1

2
,+1

| −
1

2
,+1; xP+

, p⃗⊥⟩ + ψ
↑,↓
1
2
,−1

|
1

2
,−1; xP+

, p⃗⊥⟩

+ ψ
↑,↓
− 1

2
,−1

| −
1

2
,−1; xP+

, p⃗⊥⟩
}
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The above wave functions can be evaluated in the light-front QED

perturbation theory

ψ↑
1
2 ,+1

(x , p⃗⊥) = −
√
2
−p1 + ip2

x(1− x)
φ,

ψ↑
1
2 ,−1

(x , p⃗⊥) = −
√
2
p1 + ip2

1− x
φ,

ψ↑
− 1

2 ,+1
(x , p⃗⊥) = −

√
2

(
M − m

x

)
φ,

ψ↑
− 1

2 ,−1
(x , p⃗⊥) = 0.

ψ↓
1
2 ,+1

(x , p⃗⊥) = 0,

ψ↓
1
2 ,−1

(x , p⃗⊥) = −
√
2

(
M − m

x

)
φ,

ψ↓
− 1

2 ,+1
(x , p⃗⊥) = −

√
2
−p1 + ip2

1− x
φ,

ψ↓
− 1

2 ,−1
(x , p⃗⊥) = −

√
2
p1 + ip2

x(1− x)
φ.

where

φ(x , p⃗⊥) =
e√
1− x

1

M2 − p⃗2⊥+m2

x +
p⃗2⊥+µ2

1−x

-Brodsky et. al. NPB 593, 311 (2001).

The co-efficients of φ are the matrix elements of ū(p+,p−,p⃗⊥)√
k+

γ.ϵ∗ u(P+,P−,P⃗⊥)√
P+

which are the numerators of the wavefunctions corresponding to each

constituent spin sz configuration.
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Correlator function W (∆⃗⊥, p⃗⊥, x) can be expressed in terms of
LFWFs as

W
[γ+]
ss′ (∆⃗⊥, p⃗⊥, x) =

1

16π3

∑
λ′
1,λ1,λ2

ψ∗s′
λ′
1λ2

χ†
λ′
1
χλ1 ψ

s
λ1λ2

,

W
[γ+γ5]
ss′ (∆⃗⊥, p⃗⊥, x) =

1

16π3

∑
λ′
1,λ1,λ2

ψ∗s′
λ′
1λ2

χ†
λ′
1
σ3χλ1 ψ

s
λ1λ2

,

W
[ισ+jγ5]
ss′ (∆⃗⊥, p⃗⊥, x) =

1

16π3

∑
λ′
1,λ1,λ2

ψ∗s′
λ′
1λ2

χ†
λ′
1
σjχλ1 ψ

s
λ1λ2
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Wigner Distributions: Definitions

Wigner distributions of unpolarized internal electron in unpolarized physical electron is given by

ρUU (b⃗⊥, p⃗⊥, x) =
1

2

[
ρ
γ+

(b⃗⊥, p⃗⊥, x ; +êz ) + ρ
γ+

(b⃗⊥, p⃗⊥, x ;−êz )

]

Distortion due to longitudinal polarization of the physical electron state:

ρLU (b⃗⊥, p⃗⊥, x) =
1

2

[
ρ
[γ+](b⃗⊥, p⃗⊥, x ; +êz ) − ρ

[γ+](b⃗⊥, p⃗⊥, x ;−êz )

]

Distortion due to the longitudinal polarization of internal electron:

ρUL(b⃗⊥, p⃗⊥, x) =
1

2

[
ρ
[γ+γ5](b⃗⊥, p⃗⊥, x ; +êz ) + ρ

[γ+γ5](b⃗⊥, p⃗⊥, x ;−êz )

]

Distortion due to the correlation between the longitudinal polarized physical electron state and internal electron :

ρLL(b⃗⊥, p⃗⊥, x) =
1

2

[
ρ
[γ+γ5](b⃗⊥, p⃗⊥, x ; +êz ) − ρ

[γ+γ5](b⃗⊥, p⃗⊥, x ;−êz )

]
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Connection with GTMDs

All the Wigner distributions are related to Fourier transforms of
GTMDs (Def. in later slides)
ρUU is related to F11, ρUL is related to G11, ρLU to F14 and ρLL to
G14

ρUU can be considered as the mother distributions for the unpolarized
GPD H and TMD f1.
ρLL is the mother distribution for the GPD H̃ and TMD g1L.
Connection with orbital angular momentum

Lz =
1

2

∫
dx

[
x{H(x , 0, 0) + E (x , 0, 0)− H̃(x , 0, 0)}

]
X.Ji PRL (1997)

H(x , 0, t) =

∫
d2k⊥F11

H̃(x , 0, t) =

∫
d2k⊥G14

Narinder Kumar Doaba College, Jalandhar, India (Based on N. Kumar & C. Mondal Nucl. Phys. B 934 226 (2018) Jai More & N. Kumar (under preperation))Electron Structure & Mechanical Properties in Light-Front QED Model20 June 2025 27 / 60



Wigner Distributions: Model Calculations

In our model ρLU = ρUL

ρUU (b⃗⊥, p⃗⊥) =
4e2

16π3

∫
d∆xd∆y

∫
dx cos(∆xbx + ∆y by )[

1 + x2

x2(1 − x)2
(p⃗2⊥ −

(1 − x)2∆⃗2
⊥

4
) + (M −

m

x
)2
]
φ
†(p⃗′′⊥)φ(p⃗′)

ρLU (b⃗⊥, p⃗⊥) =
4e2

16π3

∫
d∆xd∆y

∫
dx sin(∆xbx + ∆y by )

∆xpy − ∆y px

x2(1 − x)
(x2 − 1)

φ
†(p⃗′′⊥)φ(p⃗′)

ρLL(b⃗⊥, p⃗⊥) =
4e2

16π3

∫
d∆xd∆y

∫
dx cos(∆xbx + ∆y by )[

1 + x2

x2(1 − x)2
(p⃗2⊥ −

(1 − x)2∆⃗2
⊥

4
) − (M −

m

x
)2
]
φ
†(p⃗′′⊥)φ(p⃗′)

where

φ(p⃗′⊥) =
1

√
1 − x

x(1 − x)

p⃗′
2
⊥ − M2x(1 − x) + m2(1 − x) + µ2x

φ(p⃗′′⊥) =
1

√
1 − x

x(1 − x)

p⃗′′
2
⊥ − M2x(1 − x) + m2(1 − x) + µ2x

p⃗′⊥ = p⃗⊥ − (1 − x)
∆⃗⊥

2

p⃗′′⊥ = p⃗⊥ − (1 − x)
∆⃗⊥

2
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GTMDs for Electron: Mother Distributions

Generalized transverse momentum distributions which are known as the
mother distributions of GPDs and TMDs can be extracted from different
Wigner distributions.

For the leading twist, the Wigner correlator, can be parametrized in terms of
GTMDs as
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Gravitational Form Factors

Before starting with electron, let us discuss about the basic questions
about the proton.

We know that proton makes up nearly 90% of the matter in the
Universe. Elementary quarks contribute only few percent to proton
mass.What is its origin of mass?

Quarks hadronize and form proton as the Universe cooled below the
Hagedorn temperature. What is the origin of confinement?

The strong interaction is thought responsible for confinement. How
are the forces distributed in space to make the proton a stable
particle?
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Fundamental Properties of the Proton

The structure of the strongly interacting particles can be probed by
the fundamental forces: electromagnetic, weak and gravity.

Figure: P. Schwitzer et. al. hep-ph/1612.0672

The D-term is the last unknown global property of the nucleon.
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Probing the structure

Figure: Kumano 2018
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Gravitational Form Factors

Gravitational form factors are the matrix elements of the
energy-momentum tensor.

These objects describing the interaction with fermions probably first
appeared in the seminal paper of Kobzarev and Okun in which the
equivalence principle (EP) for spin motion was first identified.

L. Okun and I. Yu. Kobsarev, ZhETF, 43 (1962) 1904

Note that as spin is essentially a quantum concept, this paper was
probably (one of) the first discussions of the interaction of classical
gravity with quantum objects.

According to the EP, the anomalous gravitomagnetic moment
(AGM), which is the gravitational analog of the anomalous magnetic
moment, goes to zero.
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Gravitational Form Factors

Vanishing of anomalous gravitomagnetic moment can be derived from
the conservation of momentum and angular momentum.

Later, energy-momentum structure form factors of particles were
discussed by H. Pagels.

H. Pagels, Phys. Rev. 144(4), 1250 (1966)

“. . . .. , there is very little hope of learning anything about the
detailed mechanical structure of a particle, because of the extreme
weakness of the gravitational interaction” ( H. Pagels, 1966)
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Are they experimentally accessible?

Figure: Burkert 2021

Graviton colliders are not presently feasible but gravitational form
factors ≈ second moment of unpolarized GPDs are constrained by
hard exclusive processes.
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Recently Burkert et. al. reported measurement of the pressure
distribution experienced by the quarks in the proton which is about
1035 Pascals from experiments JLAB (proton D-term extracted from
DVCS).

Burkert et. al. Nature 557, 396 (2018).

Kumano et. al. reported the first ever results for the gravitational
form factors for the pion by analyzing the Belle data for two photon
cross-section γ∗γ → π0π0 by means of generalized distribution
amplitudes (GDA).

Kumano, Song, Teryaev PRD 97 014020 (2018)

Figure: Kumano 2018
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Gravitational Form Factors: Electron (QED Case)

The form factors of the energy-momentum tensor for a spin-12 particle
are defined by

⟨P ′, s ′|Tµν |P, s⟩ = Ū(P ′, s ′)

[
− B(q2)

P̄µP̄ν

M

+ (A(q2) + B(q2))
1

2
(γµP̄ν + γνP̄µ)

+ C (q2)
qµqν − q2gµν

M
+ C̄ (q2) M gµν

]
U(P, s)

where P̄µ = 1
2(P

′ + P)µP̄µ = 1
2(P

′ + P)µis the average nucleon four
momentum. Ū(P ′, s ′),U(P, s) are the Dirac spinors and M is the mass of
the target state.
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There exists constraints at zero-momentum transfer, which are related to mass and spin:

A(0) = 1 ↔ mass conservation

J(0) =
1

2
+

1

2
B(0)

B(0) = 0 ↔ spin conservation

B(0) is called “anomalous gravitomagnetic moment”.

∑
c̄(q2) = 0 (To satisfy conservation law) ∂µTµν = 0

The transverse components of energy-momentum tensor define the stress tensor:

T ij =

(
r i r j

r2
−

1

3
δ
ij
)
s(r) + δijp(r)

D-term is related to the distributions of shear forces inside the nucleon.

*The word ‘pressure’ should not be taken literally in its usual sense in thermodynamics.

*Conjecture: Stable hadrons must have a negative D term.
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By calculating the ++ component of the energy-momentum tensor
(J. More et. al., PRD 105 056017 (2022)).

Mµν
S ,S ′ =

1

2

[
⟨P ′,S ′|Tµν |P, S⟩

]
M++

↑,↑ +M++
↓,↓ = 2(P+)2A(q2)

M++
↑,↓ +M++

↓,↑ =
ιq2
M

(P+)2B(q2)

One can also extract the gravitational form factors C (q2) and C̄ (q2)
by using the transverse component (1, 2) of the energy-momentum
tensor

M11
↑,↓ +M11

↓,↑ −M22
↑,↓ −M22

↓,↑ = ι

[
B(q2)

4M
− C (q2)

M

]
((q1)

2q2 − (q2)
3)

M11
↑,↓ +M11

↓,↑ +M22
↑,↓ +M22

↓,↑ = ιq2

[
B(q2)

q2

4M
− C (q2)

3q2

M
+ C̄ (q2)2M

]
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Recent work

Physics Letters B 820 13650 (2021)

Physics Letters B 839, 137768 (2023)
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Results

Using the overlap of light-front wave functions, one can evaluate the
gravitational form factor A(q2) and B(q2)

A(q2) = Z +

∫
dx d2k⃗⊥
16π3

x

[(
ψ↑
+ 1

2 ,+1
(x , k⃗

′

⊥)ψ
↑
+ 1

2 ,+1
(x , k⃗⊥) +

ψ↑
+ 1

2 ,−1
(x , k⃗

′

⊥)ψ
↑
+ 1

2 ,−1
(x , k⃗⊥) + ψ↑

− 1
2 ,+1

(x , k⃗
′

⊥)ψ
↑
− 1

2 ,+1
(x , k⃗⊥)

)
+(

ψ↓
+ 1

2 ,+1
(x , k⃗

′

⊥)ψ
↓
+ 1

2 ,+1
(x , k⃗⊥) + ψ↓

+ 1
2 ,−1

(x , k⃗
′

⊥)ψ
↓
+ 1

2 ,−1
(x , k⃗⊥) +

ψ↓
− 1

2 ,+1
(x , k⃗

′

⊥)ψ
↓
− 1

2 ,+1
(x , k⃗⊥)

)]

B(q2) =

∫
dx d2k⃗⊥
16π3

x

[(
ψ↑
+ 1

2 ,−1
(x , k⃗

′

⊥)ψ
↓
+ 1

2 ,−1
(x , k⃗⊥) + ψ↑

− 1
2 ,+1

(x , k⃗
′

⊥)

ψ↓
− 1

2 ,+1
(x , k⃗⊥)

)
+

(
ψ↓
+ 1

2 ,−1
(x , k⃗

′

⊥)ψ
↑
+ 1

2 ,−1
(x , k⃗⊥) + ψ↓

− 1
2 ,+1

(x , k⃗
′

⊥)

ψ↑
− 1

2 ,+1
(x , k⃗⊥)

)]
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Ae(Q
2) = 1 +

α

2π

∫
dx

(1− x)

{
2x −

x
[(
1 + x2

)
(2M2 + Q)− 2(m −Mx)2

]
Q

t2
t1

−(1 + x2)

[
log

(
1 +

λ2

M2(1− x)2

)
− x log

(
λ2

M2(1− x)2

)]}
,

Be(Q
2) =

2αM

π

x2(m −Mx)

(1− x)

t2
Q2t1

where

We choose the values of the masses as M = 0.511MeV , m = 0.5MeV and
µ = 0.02MeV .

Here, we impose an UV-cutoff ’λ’ on the k⊥ integration.

Ae(0) + Aγ(0) = 1

Be(0) + Bγ(0) = 0
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De(q
2) =

2α

π

(m −Mx)M(−2 + x)

q2

[
− 2 + t1t2

]
,

C̄e(q
2) =

α

4π

(m −Mx)

M

[
− 2t2

t1

(
4M2

q2
(−2 + x) +

2− 3x

(−1 + x)

)
(
− 5 + 2x + (2x − 3) log

(
λ2

M2(x − 1)2

)
+

log

(
1 +

λ2

M2(x − 1)2

))
m

]

M2 =
m2

1− x
− M2x

1− x
+

µ2x

(1− x)2
,

t1 =

√
1 +

4M2

q2
,

t2 = log

(
1 +

(
1 + t1

)
q2

2M2

)
.
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Figure: Electron gravitational form factors Ae(q
2) and Be(q

2).
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Figure: Electron gravitational form factors C̄e(q
2) and De(q

2).
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Comparison with other models

We compare our results with the dressed quark model(DQM)(in the
limit g2 = 4πα) and with work of Metz et. al..

In the limit M = m and zero photon mass our result for D-term
matches with the results of DQM and Metz work.

- More et. al.PRD 105, 056017 (2022)
-Metz et. al. PLB 820, 136501 (2021)

our work

Metz etal.

More etal.
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Mechanical Properties

It is well known fact that energy-momentum tensor encodes the
properties like mass and spin of the particle and it is also couples to
the gravity.

The globally unknown D-term offers many hidden mechanical
properties of the particle like pressure and shear distributions.

Other properties like energy density, normal and tangential forces are
also associated with the D-term.

The only experimental result for the pressure distribution is available
only for the proton.

Recently, D-term of the electron was studied by Metzet. al. PLB 820
136501 (2021) using Feynman diagrammatic approach and it was
found to be divergent at q2 = 0.

To avoid the divergence they use non-zero photon mass.

One can obtain the D-term from the transverse component of the
energy-momentum tensor.
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The expressions for the two-dimensional pressure and shear distributions
for electron are

pe(b⃗⊥) =
1

2M b⃗⊥

d

db⃗⊥

(
b⃗⊥

d

db⃗⊥
De(b⃗⊥)−MC̄ (b⃗⊥)

)
,

se(b⃗⊥) = − b⃗⊥
M

d

db⃗⊥

(
1

b⃗⊥

d

db⃗⊥
De(b⃗⊥)

)

-Polyakov & Schweitzer, Int.J.Mod.Phys. A33 (2018) 1830025

F (b⃗⊥) =
1

(2π)2

∫
d2q⊥e

i q⃗⊥·b⃗⊥F(q2),

=
1

2π

∫ ∞

0
q dq J0(|q| |b|) F(q2),

where F(q2) = A,B,C ,D are the respective GFFs, J0 is the zeroth order
Bessel function, b⃗⊥ is the impact parameter and M is the mass of the

physical electron.
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Pressure and Shear Distributions
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Figure: Pressure distribution (preliminary result).

The numerical value of the Gaussian width decide the spread of distribution.

For a stable system, a node is required in the pressure distribution and same
is observed in our case.

Further, positive pressure near the center represents the presence of the
repulsive forces whereas negative pressure means presence of attractive
forces which balance each other.
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Figure: Shear distribution (preliminary result).

For shear distributions, we observe that it remains positive in
impact-parameter space and such behaviour is well observed in the stable
hydrostatic systems.
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Conclusions

Wigner distributions of an electron are calculated which provides the
multi-dimensional images of electron.

We consider different polarization configurations.

The transverse spin-spin correlations (not presented here) and
GTMDs are also studied.

Results provide rich and interesting information on the distribution of
QED partons.

We have discussed the gravitational form factors and mechanical
properties of the electron.

We evaluate the spin non-flip and spin flip gravitational form factors
for the electron.

We have also studied the D-term of the electron and compare it with
the results of dressed quark model and Feynmann diagrammatic
approach and they found to be consistent with our results.

We have also calculated the pressure and shear distributions of the
QED partons inside the electrons in the impact-parameter space.
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The qualitative behaviour of these forces is found to be consistent
with the results of other phenomenological models of the nucleon.

It would be interesting to see the contributions coming from the
photon part which is currently under investigation.
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Thank You!
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