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Introduction

Introduction
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Hadrons are the bound state of quarks and gluons by strong int
quantum chromodynamics (QCD).

raction

internal structure of hadrons ?

o How actually quarks are distributed within hadrons or what is the
a Distribution functions

B i S—
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Distribution Functions (DFs)

@ Describes the probability distribution of finding the constituents
(quarks and gluons) within a hadron with physical obesrvables.

e Information about longitudinal momentum, spatial location, momenta
distributions, mechanical properties, structure of hadron etc.

o Used to study different decays of the the exclusive processes through
some observables and compared with experimental data with
evolutions.

o Some important DFs are generalized transverse momentum dependent
distributions (GTMDs), transverse momentum dependent

distribution functions (TMDs), generalized parton distributions
(GPDs), parton distribution functions (PDFs) etc.
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Introduction

Distribution Functions
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Distribution Functions

GTMD(x, k1, A)

kt .
@ X = 57 is the momentum

fraction carried by the quark.

» GPD(x,A)
@ k| is the transverse
momentum of quark.
TMSD(k,) FDF(x) FF(A)
[}
€ .
T B @ A is the momentum
- upaean difference of the final
{F& AM? + AL GT] R
sa-gp T and initial state of hadron.
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Introduction

Light-front dynamics
Equal time quantization

@ time, t = x

// x7

\ 025

Light-front quantization

@ time

= xt = x9 + 3

o =[x, w8 X)) and
p=ilpt o ")

o ifGEl = 3o lu(x*)

e Energy, p = s
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Light-front dynamics

Instant Form Front Form

Image from C. Lorce Talk
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Why light-front ?

Ideal Framework to describe the hadronic structure. It can overcome many
obstacles with many advantages.

Simple vacume state

Boost invariant frame

Frame independent wave functions

Hamiltonial formlism for relativistic bound state
No square root in Hamiltonial p—

e ® ¢ ¢ @ @

Maximum number of kinematic variables
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TMDs for Spin-0 Mesons

ha(Pa) + hg(Pp) = 7" (q) + X = €7(1) + £7(') + X For spin-1 TMDs from DIS and SIDIS
process. one can check Prof. A.
Bachheta Papers

ar Phys.Rev.D 62 (2000) 114004

auark; 5 Phys.Lett.B 518 (2001) 85-93

photon

hadron Py

Lo Structure Functions

Py -~

Drell-Yan Process for hadrons !
doPY  16n%? (Al Perturbative Evolutions

W QQ’ \9T|FUU(TA 5,97, Q)

- 167202

AT -~ B A P
lar =52 H"Y (@Q: ) Zra (@) fd|bT\|bTuuun|\bT|>ff<rA,bmw (wp, b3 1),

QQZ!
. NP Quark TMDs
pseudorapidity > NP Anti-Quark TMDs
Hard factor
TAB = %eiy
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How to Access these TMDs ??

There are few methods to have an idea about pion TMDs

(1) Experiments
There is experimental data available for meson TMDs. However, COMPASS, EIC,
May be upgrade 12 GeV JLab provide some data

(2) Lattice Simulations
Few lattice simulations study have been reported for the pion TMDs.

Arxiv: 2302.09961 (LPC), ArXiv:1506.07826
(3) Model Calculations

The non-perturbative constituent TMDs can he explored through low-energy models like
LFM, BLFQ, NJL, DSE-BSE, and many more.

(4) Extractions & Fits
As there is no experimental data available. One can extract the TMDs from Drell-Yan cross
section data (E615, E537 and NA70).

Arxiv: 2210.01733 (MAP Collaborations)
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What we are doing ??

Model Calculations .
We explore the spin-0 and spin-1 TMDs through NP What abOUt eXtra‘Ctlo ns ??

models like LF models and NJL model (going On-) It is a challenging task to extract pion TMDs and PDFs from
available experiments like E615, E537 and NA70 data.
We also evolve these TMDs to perturbative limits to
predict for experiments through Collins-Soper-Sterman
(CsS) evolutions.
Work going on........
Evaculate the PDFs from TMDs and their properties.

Explore the higher twist TMDs along with the higher

Fock-state calculations (Going on-) But Thanks God,

we have some extraordinary Computational Guys

Q=26

T R ——y=—Mr. Abhishek (M.Sc Student)
Map Collaborations Pion Extractions Mr. Reetanshu (JRF)
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How to calculate ??

@ In case of spin-0, pseudoscalar mesons, there are total 8 TMDs upto
twist-4, which can be expressed in terms of quark-quark correlator as

[S. Meissner, A. Metz, M. Schlegel and K. Goeke, JHEP 08, 038, (2008]

—32=

ol k1) = 5 [ G e m(K)FHOMWO, 2)(In(K) o
(2m)3

Where |7(K)) is the LF bound state of pion/kaon with masses and

momentum M (k) and (P, P,) respectively.

W(0, z) is the Wilson line which preserves the gauge invariance of the

bilocal quark field operators in the correlation functions. For this

work, we have taken it as unity.
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Higher Twist TMDs

—_— (l + Acos? 8 + f1sin 26 cos ¢ + %:-:in2 f cos 2:,-";) ;

s
Unpolarized DY
Cross Section
= f3($7]g%)
= 2
fl(fli, k7) f($’ ]ff;) hi (x, ki n)
W, Ry S@RD) :
g (2, B2 m) Twist-4
Twist-2 h(z, k3 m)
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All TMDs for spin-0 mesons

[" is the Dirac matrix which determines the Lorentz structure of the
correlator ¢Lr]' Depending upon the I, the TMDs are given as

T-even T-odd
Twist- + ' i
. q)["y ] — flq(X7 ki) cb[m;'ws] — ¢ A}/J(J‘ hf'(X. kz[)
Twist- | 0T = P—“ieQ(x,kf_) Y] = ,";klr{gl (x,k?)
3 bl = K rla(x k2) Pl — f»mh(X~kﬁ,)
Twist- 2 j
4 d)h l = Wfq(x k ) (D[”’ ¥l = l'r&/,,é, '(X. ki)

= There are 4 T-even and 4 T-odd TMDs for spin-0 particles.
o All these T-even TMDs are unpolarized quark distributions

S. Puhan, et.al, JHEP, 02, (2024).
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Relations Among TMDs

@ All the higher twist TMDs are related with leading twist TMD by
xe(x,k?) = x&9(x,k3) + M flq( k3

foq(x kz)*xfj‘q(x k2)+ e k2 ik 7
2 2

T + ms,=
e q(q) flq(x’ ki)’

xgh(x,8) = x g4 (x, k) + T8 bt (x,12),

26 (x, k1) = x*F(x, k1) +

. k?
xh(x,k?) = x h(x, k%) + Héhf‘(x, k3),

52 hi(x, k3 ) = x2 hd(x, k3 ) + AF (K2 ) hi-(x, k2

@ In this work, we have adopted Wandzura-Wilczek approximation for
valence quark calculations of T-even TMDs.
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Light Mesons

@

@ Bound state of u- quark and d- antiquark.

@ Having mass about 140 MeV. Exists only if mass is dynamically
generated.

Kaon 0 |
. \5
@ Bound state of u- quark and s- antiquark.

e Having mass about 490 MeV. Boundary between emergentand
Higgs-mass mechanisms.

For the pion and the kaon the EIC will allow determination of the quark

and gluon contributions to mass and internal structure through Sullivan

Process.
[A.C. Aguilar et al., Pion and Kaon structure at the EIC, EPJA 55 (2019) 190.
J. Arrington et al., Revealing the structure of light pseudoscalar mesons at the EIC, J. Phys. G 48 (2021) 7 075106.]
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Sullivan process

Sullivan

Hard scattering from virtual meson cloud . . .
ofnudeon ) ) Diagram for the Sullivan process used to probe the structure of the pion.

NN

» Accessing meson form factors through the Sullivan Process
o Extraction from data and validation of the technique
o F_andF,, uptoQ?~9and ~6 GeV?

~(4) V\','/ "

[y
L

’\ﬁ%‘/ -

Elastic EM

SF (and PDF) /
extractions

&

e % Yellow EIC Report (2022)
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TMDs

Light cone quark model

The Pion bound state wave function up to first principle

(P} @ lW(P +|W P})qqgg+Z|W(P qq{s}
{3} B )

Compllcated| ®

The unpolarlzed quark, gluon and
sea quark PDF

fi(x) =fqu($)+ff,qqg( + 1 qqqq +Zf1 qq{JJ} . o
) The Pion Form Factors

fi“'(x)*f'quq( )+ f1 qqg9(2)s
(z :2Zf1qq{u}

) Fr(Q?) = Fr gi( Q%) + Frqqg(@?) + Frgiog(Q) + 3 Fr g0} (Q%),
{s5}
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Light cone quark model

The minimal Fock-state description of mesons in the form quark helicity A
for quark-antiquark is given by

dxdzkl
IM(P, S7)) Z/ Ry (%, ki, A M)l K A Aa)-
! VX x)16m3 \

t)s, is the spin improved meson wave function written in the form
Momentum Space

s, (%, ki, AL, A2) = xs, (%, ki, A1, A2)e(x, k). Wave Functions
(BHL P/chiptions)

(=172 M2 o +kI N\
N,,(,(J(] )
x(K)

Power-Law Wave functions o R i B2y g2 2 e
Plx,k ) = Aexp| — —=% A= ] i3
83 wz(ki +m2 kf{ »mg) 432
—~
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Light cone quark model

Melosh- Wigner Transformation
From

[(xM + mg)((L — X)M + mq) — k3] Instant-Form
(V2wiwr) ’

xs,(x, ki, 1, 1) =—

[(xM + mg)((1 = x)M + mg) — k3]
(V2wiws) '

Ka 08 K Tl =

[(xM + mq)qs — ((1 — x)M + mq)fh]
(X kJ_vT T) \[‘.dlwg

_[(XM+mq) —((1 = x)M + mg)q ]
xs. (x, k1,4, 4) = (V2wran) ’\/ ‘

Spin- Wave Functions

wr = [(XM + mg)? + K312, wp = [((1 — x)M + mg)? + K2z
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Light-Front Holographic Model

\ . .
M(P)) = IM(P))e—o -+ IM(PY - —— MINEEE S3E
Effect
k. dx 2 e s
‘M(P)>Lz=0 :/ﬁ\/mw(o)(X,kL) ; {bl (1)0’1 (2)
—mare] o, Mixing
[k & " i —— —_—
IM(P))1,1=1 = /ﬁ mw( )(x, kl)(f5 ; bl*(1)d}*(2) |0) State

KL N a1y gte
+=£ 3 b)) \o>).
Momentum Space

Wave
Oy = T EM-x) Functions
VO (x ki) = V=) P(x, ki),
M(x = *;Ux 4N K2 +(1— 2 4 xm2
YRk = g ) k= [_( g s qu)]
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The Leading Twist- TMD
Unpolarized Quark TMDs (T-even)

The leading twist flq can be represent in the overlap form as

F106K) = o5 [ a1 R+ [ gale ko, 4, 1) \2/——‘ LCQ M

+ [ o(x; ks 1, 1) P+ | ol ko, 1, 4) 1 .

The overlap form of leading twist TMD is found to be : L F H M

Flxd) = s VOGP VO k).
M

Boer-Mulders Quark TMD (T-odd)
RxG) = ”2“" Ky < ImG(x. k1. K) Z (k4 k)| W2 ) (kL 1 1) Wiy (kL Ao, T)
5] /zen) [ < > \(‘ LCQM

—(ky —1k3)<‘l’§(m (3. kE A1 1) Wacky (%o ks das 1) )] .

Gx. k. k’ ) is the initial state perturbative Abelian interaction operator for DY process and can be expressed as

Cra; 1
2 (kL_kL)z.

ImGx. k., K|) =
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Our Findings for Pion u-quark

£9(x.k,2)[GeV-2]

9(x k) [GeV?)

. Twist-2 TMD

Due to
Factory of 1/x

0.2 03 0.4 0. .
k[GeV] x

01

4(x.k,?)[GeV-?]

Pion u-quark TMDs at a fixed x and in LCQM.

e9(x,k,?)[GeV?]

Twist-3 TMDs
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Our Findings for Pion

pion LCQM LFHM LFCM BLFQ

T T I
(ko) | (kD)? | Re | (ki) | (k1) | Re | (ki) | (k1)® | Re | (ki) | (k1)
A | 022 0.26 |0.96 | 0.24 | 0.27 [1.00 | 0.28 | 0.32 [0.99 | 0.26 | 0.30
e | 018 022 [0.95] 021 | 0.24 |0.99 [ 0.26 | 0.30 | 0.99 [ 0.26 | 0.30
fL [021 025 [0.96 | 023 | 026 | 0.99 | 0.26 | 030 | 0.99 | 0.25 | 0.29
£ 10211 024 (095022 025 [0.99 030 033 [098] - -

i

A4

The Gaussian transverse dependence ratio of these TMDs to find the
extent upto which the model supports Gaussian behavior as

2 (ki)

= : We found that leading Twist
Ro = Tmiayn " oz Me

TMD carry higher transverse Momenta
which should be.

| Our results almost similar
to other model predictions.
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Our Findings for Kaon u-quark

The transverse Gaussian
Ratio found to be deviate by
5 percentage from 1.

TMDs.

00 01 02 03 04
k. [GeV?] x

Kaon u-quark TMDs at fixed values

Fi(z,k)) = FI(1 —z,~ky)

LCQM LFHM
u- (k) (%) Rg (ko) ()3 Rg
quark .
fi | 026 0.30 0.98 0.24 027 1 For Anti-Quark
e 0.21 0.25 0.96 0.21 0.24 0.99 it .
023 0.27 0.96 0.22 0.25 0.99 Distribution
f 0.23 0.27 0.96 0.22 0.25 0.99
s-quark
f 0.26 0.30 0.98 0.23 0.26 1
e 0.21 0.25 0.95 0.20 0.23 0.98
023 0.27 0.96 0.21 0.24 0.99
f 0.18 0.21 0.97 0.19 0.22 0.97
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Our Findings (Power-Law)

w01

10

g0

kM) )

x Ku(Goy)

Boer-Mulders TMD at Model Scale

Unpolarized TMDs at Model Scale Sfi(x, ki) ko (x, ki) >0
Mgy L
@ P— 100
I — Q=2 GeV2(This Work) )
10 = 74 (This Work)
_ oaf LI - Q2= 10 GeV3(This Work) v o KY(This Work)
o+ + Q=2 GeV*(MAP) A 0.6 * Chin.Phys.C 48 (2024).
3 °° HH ke i
Zoa L
0.2 02 y H l
0.0 N 0.0 l l LR S N !
0.0 0.5 1.0 15 2.0 25 3.0 0 2 4 6 8 10

ky(GeV)

n
Mellin-Moment
Unpolarized TMDs Evolutions using CSS

Compared with MAP Extraction Data
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Different Wave compositions

For Spin-0 Mesons, the total wave function consists of S-wave and P-wave
IM(P)) = [M(P))r,=0 + IM(P))|L,|=1.—) P-wave
S-wave\~
2y _ ¢(L2=0) 2 (IL:|=1) 2
fl(kaJ_) - 1' (kaL)+fl (xnkj_)

1

A @) = m|ww(x7ki>\2(|ﬂz,kim DI+ e K4 DF) e

FI==0 ()

_ 1
©6(2m)3

2P (e B2, 1 DI o+ e (2,368, 1, 1))

4 / e 002 Y 4
cor 0% o b
gy 4

S-wave TMDs P-wave TMDs Total TMDs
1) = [ dnroki ), k1) (CGeV)[(K) GV (@) [@)]l@ )
S-wave 0.21 0.06 0.47]0.28| 2.63
(@) = / ded®k 2™ fi (2, K2) P-wave 0.03 0.02  [0.03[0.02[ 0.14
S-wave + P-wave 0.24 0.08 0.50(0.30| 2.77
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EE—

Our Findings for PDFs
(@) = [ o) [ dxfi@) =,
— fkoLff(Iki)’ Z/dmmff(gj) = 1.,
gl = /koj_eq(ﬂ:,ki)v /d:ceq(a: 77:([(
= [ Pk fi ). “(‘”)
. dzzel(r) = Ma(a N,
Obtained / !
Sum Rule 2 / d =
PDFs upto w f3(@)
Twist-4 The above equation is called as
d‘quark-model Lorentz-invariance
L L relations (qLIRs)” for spin-0 PDFs.
q
£ 2 v f f (,1})- Eur.Phys.J.C 76 (2016) 7, 415
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Our Findings for PDFs

05/

NLO DGLAP e
Evolution

03
3

<

0.0 0.2 0.4 0.6 0.8 1.0

0.205 GexV"Z > 16 GeV*2

Ongoing Pion u-Quark PDFs of both model
COMPASS++/ compared with experimental data

AMBER and \
E615 - J. S. Conway et al., Phys. Rev. D 39, 92 (1989). E615-Modifi .

EIC- Aicher et al., Phys. Rev. Lett. 105, 252003 (2010).

Seminar Talk athauly, 2025 30/75



Our Findings for PDFs

0.6/ _ Kaon u-quark -------- BLFQ (u-quark)

—uwm | NLODGLAP 05

1.5 ----- LCQl .
LM | Evolution _
o E3
<=1.0 =
% éx
05 :

CI.t:l().(! 0.2 04 0.6 0.8 1.0 b N ; PO : 2 :
x . 00 02 04 06 08 10
Kaon quark unpolarized PDFs 06! = _
evolved from 0.20 GeV2 to 20 | — Kaon s—quark =----- BLFQ (s-quark) |
GeV2 compared with Phys.Rev.D 05 e - EPJC(2020) |
101 (2020)[BLFQ] and Eur. Phys. J. =
C 80, 1064 (2020). \Lr T3 g

No experimental Data 02 j

Available 01 RN :
0.0! B '
0p 02 04 06 08 10

X
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Our Findings for PDFs
(z=1) | LCQM | LFHM L g
7 — Zz
7wt (ud) | 2.79 2.62 (@ Ny = [ de 21—
0 x
K*(us) | 3.92 3.20 Inverse Momenta
Average
X f'f X e9(x B X .Fg % ° °
W i T et T s T f__Longitudinal

w05 | 05 | 038 | 037 | 036 | 036 | 028 | 028  momentum
u | 037 | 040 | 026 | 032 | 025 | 031 | 0.19 | 026 f t,
Table: Average longitudinal momentum fraction of pion and kaon ra(.: ion
The leading twist PDFs carry higher longitudinal momentum fration carned by
than higher twist PDFs.

In case of Kaon, the § antiquark carry higher longitudinal momentum Quark
fraction than the u-quark.

At Q% = 4 GeV?, (x) is found to be 0.30 in LCQM which have very
similar results with Lattice data and other models data.
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TMDs

TMDs for Spin-1 Particles

All Possible

Quark |y (y*) Lr'7s) T (i6"y/6™) .
Hadron™_ | T-even | T-odd | T-even | T-odd |  T-even T-odd T TMD PDFs for Sp'“'
v 4 v ensor S 1 Particles
L ou [ \ \
T fiv | em (), i)
—
=T 1
aall £ — bl b o) |
LT Jur Sur [ryprl,s Dhigr] TR-even| TR-odd| TR-even| TR-odd| TR-even| TR-odd
U f
TT ' Jire Sirr [ryrr)s D] L m
T hy
LL fiee
LT (hapr)
Twist-2 TMD: firr, firt, firr, gt 177, T

Twist-3 TMD: fi7, err, firs fir, eir, eip, frr, fir

ol L L L
€rT; €y, 9Lry 9LT> 9LTs 9TT 9715

1 1 L
hipr, harr, hipr, larr, hirr,

"4 a8
hiv, her, hgp, hrr, hyr,

Spin-1 leading twist TMDs

Source- S. Kumano and Q. T. Song, PLB 826 (2022)
Seminar Talk

Extra For Spin-1

— Particles Than Spin-

1/2 Nucleons

4th July, 2025 33/75



Our Findings

€ P)(rt)s (x, k?)eaq)(P) = f1(x. K1) + Seofronlo kL)

2 sy  Ki-S
Eno (P rs)s (x. e Jeag (P) = Sugua (v k3) +=5-
2

e (P)rt YyeYe(x. k3 ewealP) =

Apai g/ (r kz ) )
B A ALK KT 5
gL g 3
(27) %
; 2 1
filx. ki) = g(l‘L(:_w A oFA i tA L,

T PR 1

1
qurk]) = Z(A—+,—+ =

Asp R A -

.G’IT(—Y-ki)_4fk7_ AR( Sl

B (AL — Ao s+ Arj0—A_

TMDs

Seminar Talk

S, -y
1 I = (e kL) 4

= S hi(x. K2) + S k—.’rlfr k%) +

All Leading Twist

G
- fm G M)

a

L gir(x, ki)-

2k k. S — Sk )hb(x, k2),

Helicity

1 n)A'* n)i *
S ¥ e T Amplitude

Iy (x, K3 N’(’“ feot+ Aot +Aro—+A ),
a8 ML
hf,,(.x‘k-,):m(k,,(/\ it = A ) k(A=A _),

M
(5 0) = 7 (R(Anriso + Acaen) + K Arams + Asera)).

i 1
/1/,1(-‘4"1):;Au1 m+/i_u,_u*3(/4\. o FAL AL A ),

(kr(Assqo+ Ay 0=Aso-—Ag_-)

7(x. k%) =
fier(x k) = 4\/21‘
the(Ato++ + Ao+ — At ro—A__ o)),
firr(x. ki) - 2 (A pm A SRR (AT A ))
15 4\/7k1 e == LA 4 )
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Rho meson PDFs

1.2 — OurWork — — LFHM ==sms= NJL 1.0

1.0 Our Work(Q?=5 GeV?)

osl— LFHM (Q2=5 GeV?) \ 0.8
2 i BT NJL (@2=5 GeV?) '\ <06
«T 0.6 ) xo.
x ]

0.4 x 0.4]

0.2 TS 0.2

0.0

0.0[5~=
0.0 0.2 0.4 0.6 0.8 1.0

0.0 0.2 0.4 0.6 0.8 1.0

Unpolarized quark PDFs transversity quark PDFs helicity quark PDFs

0.3 -
fi(x) >0 Positivity Constrains 0.2 P
=z g 01 _ ;’__{__ — 5
(A@+ 21@) (A@ + 01@) - 312 2 2P Ny ’“"wé‘;eg‘r-'f-"l"
3 -0.2 S !
3fi(z) > firr(x) > f§f1(x) 03 "N

3 1 00 0z 04 06 08 10
2 f1@) 2 filw) = S firr(@) 2 |gi (@)l

tensor quark PDFs

One can also Check out : Phys. Rev. C 96 (2017) 045206, Phys.Lett.B 851
(2024) 138563
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Generalized Parton Distribution Function

Generalized Parton Distribution Function

MECHANICAL
PARTON PROPERTIES (FORCE
DISTRIBUTION AND PRESSURE)
FUNCTIONS AND GDA
(PION)
ELASTIC FORM FACTORS \
GRAVIATIONAL FORM FACTORS Why
MAGNETIC MOMENTS
QUADRAPOLE MOMENTS G.PDS ?? DVCS AND DVMP
SCATTERING
CROSS SECTION
STRUCTURE FUNCTION
SPIN DENSITIES
ANGULAR MOMENTUM
PHYSICAL PROPERTIES MANY MORE SUM RULE

(CHARGE RADII)
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Generalized Parton Distribution Function

Experimental Set up world wide

High-energy hadron physics experiments: hadron facilities

CERN

(LHC, COMPASS/AMBER, LHCspin, Baikal GVD
LHeC, FCC-ee, CLIC, nuSTORM)

Fermilab JINR (N1cA) / IHEP (BEPC, CEPC)
i GSLEAIR)  KM3NeT
(SeaQuest, SpinQuest, DUNE) “ Wt A
IMP (HIAF, EicC)

HIAF: high-energy HIAF
E,=9GeV

— 25 GeV — 100 GeV ?
BNL
(RHIC, EIC) ILC
KEK
JLab (KEKB, J-PARC)
IceCube
Seminar Talk
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How Can we access them in Models ??

The quark-quark correlator for GPDs can be expressed as

F[Fl(x.g_t):fd%g"k-;<p’ ( 2)1‘".1/(—5 5)‘[’(%) p):+—n_;’r—n‘

¢ P and P’ are the initial and final hadron momenta.

e Xand X are the corresponding helicities.
® gz is the average longitudinal momentum fraction of the parton.

¢ I represents the gamma matrix structure (e.g., ¥*, ¥*vs, 0#) — this determines the type of GPD.
L]
Variables

Momentum transfer: A = P' — P, witht = A2,

Skewness: £ = representing the difference in longitudinal momentum fractions.

—p
P PP
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Generalized Parton Distribution Function for Spin-0

Based on

Phys.Rev.D 111 (2025) 11, 114039 [S. Puhan & H. Dahiya]
Arxiv:2504.14982 [S. Puhan, S. Sharma,
N. Kumar & H. Dahiya]

There are total of 6 GPDs for the case of spin-0 mesons upto twist-4

| (dr _
‘ Ol £,-AD) = 5 f %e"“(n*(K*)(P*, §: = OW(~z/ 2T W/l (K*)(P.S - = 0o+ —z, o,
~/

>

Gamma Matrix Wilson Line

Meson Eigen State
Quark Field

7 7 5 . 17 . - 2 q—
I'={1,+,479°,ic" s, or v~ , 07 "5}
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Generalized Parton Distribution Function for Spin-0
. VeCtor GPD Transverse

2(271')3 [\P; ()C, kI’ Ta T) \Pn' ()C, k/J_’ Ta T) + l{j; (X’ kIa ls T) \I}ﬂ (X, kla l’ T) momenta

kjf:kJ_-%—(l—x)A—;'

1 _
CDq =

+ PR KL D) Y (6 KL T, L)+ (K, L L) Wa (K L l)], AL
K=k - (1-0=F

Hyer (%,0,5)[GeV ] Hy+ (x,0,[GeV]
\ - =

155 Information .~
0s . About D-term 33 ..

() 10 00

®)
The unpolarized GPDs at £&=0
= The longitudinal momentum fraction carried by the active quark
decreases with increase in momentum transfer increase from initial
hadron to final hadron.
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Mechanical Property of Pion (D-term)

Why we need to Calculate ??

Highest pressure in nature 1 Pa (Pascal) =1 N/m?

Earth atmosphere Center of earth Center of Sun
105Pa=1000 hPa 10" Pa=100GPa 10'Pa=10PPa

How we can calculate ?? Neutron star Hadron
103 Pa 10% Pa

\Y,
, ) . icHe A, PY) o ABAY — ghr A2
@[T |p) = u(p) [A(Q P+ B(Q? )T D@ @

. 1_
T (5) = $0y() (W T+ iy T iy ).
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Mechanical property of pion

=» The pressure and shear distribution can be accessed from D-term of pion, which
can also be calculated from GPDs.

./l dez H (z,6,t) = A (t)+£*D (1)

—1

ID(0)|=-1 found to be in our case.
Recent Arxiv: : 2504.14997, 2312.02543
have obtained the same for pion.

* Phys. Rev. D 108, 114504

0.0 0.5 1.0 1.5 2.
-t(GeV?)

D-term of pion
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https://arxiv.org/abs/2504.14997

Generalized Parton Distribution Function

Mechanical property of pion
- What about Pressure and Shear Distributions ??

Pressure Shear
0.2
; 08
0.1 —r 7
) =06
o Njo.z
i 0.0
SRR TR RN 0.00 0.0 0.10 0.15 0.20
r[fm]
1 1d /1dD
149 ( ng(T)) () =~ o (_ d(’r))
P 6M r? dr dr rdr \r dr
G i 2 | Sln(qr) )
D(r) = f (211_)36 D(Q7°) = ﬁfn dgq m D(Q?)
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Mechanical property of pion

=» The pressure obey the stability condition

/ drr®p(r) =0
0

=» The maximum pressure inside the pion is
found to be

1.0 GeV/fm3=1.602x10"35 Pa
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Generalized Parton Distribution Function

Other GPDs

H[x, 0, -A3]

4

A,[GeV]

1.0

Tensor GPD

Encodes helicity flip
processes

Spin-orhit Correlations

NITJ 2025 Seminar Talk

Ea[x, 0, -A%]

0

Scalar GPD

Contribute to Gravitational
Form Factors
dynamical chiral symmetry
breaking
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Form Factors

1673

0 (0 KL L D (6 K LD+ W (KL L D (e KL L D] \@ctor

q¢ N2 dXdsz * " ’ * ’” ’
FIQ) = Woiaey (6 KL T D Wi (6 KL 1, 1) + Wi (6 KL T D)W (KL T, 1)

dxd®k,
FUQ) = f a MK(K,[L(W;(K,(x,kz,i,T)%m,(x,k;T, )+ Wy (KL L D)W (6K T 1)

1673
(¥ K T Wi (6, KL L D) + Wi (KL T Do (KL 1 D) T@NSOF
FUQ) = %[%mmu, KT )W (KL T )+ W (e KT T D)W (. KL T L)
o KL L D (K LD + WK L DYae (0K LD) - §ealar
bR G LD K 1)+ W K L, D (K T, )
& ;X‘A”(W;m(x, KT DWW (6, K L)+ Wi (6, K T, Dy (5K L D)

Total Form Factors
Quark Form Factors

FM(—f) = eqFMq(—t) +L62FM§(—t).
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Form Factors
Explicit form Found to be

2 2 # ’" ’
PO = [ HER I = (=025 (1 = 0 | DR,

1673 w Wy
d de ® ,k" . ,k'
P = [ BERE M = 00m,(1 = ) g D),
1673 wlw,
2 A2 * K . ,k’
FI9(0?) = f dxdke, 2m, [ (1= =2 4 (m, (1 =2+ xm>+m, (1-2)A% LWL CL
160 xM, 4 o

W) = (M:;, +m, + mJ) )C(l - x)[M;Z - (mu - mJ)2]:

wy = ML+ my, +mg) 4/x(1 — )[M? — (m, —mz)*].

(kL_%)2+mE (kL_A_Zl)Z"'mi’ Final and
+

M =
ed J _ ’ ez
: L= Initial
|

A ALy 2
ky + 32 +m2 Ko+ F) +m:
M;{ — 2 u+ 2 d

x -~ bound state mass
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Generalized Parton Distribution Function

Vector FFs

1.0
- Lattice (2007) « JLab (2001)
0.8 - NA7 (1986) - FNAL (1982)
G 06 . JLab (2006)
E 0.4l + JLab (2007)
0.2
0.0 Iﬂ}”‘"ﬁ}h}r—ini A
0.0 0.5 1.0 1.5 25 3.0
(a) . -t(GeV?)
Pion
&
3
w
10
1
0.8 - PLB 178 (1986)
0.00 0.05 0.10 0.15 0.20
~t(GeV?)

Seminar Talk

NITJ 2025

(b)

0.05
« PRL 45 (1980)
+ PLB 178 (1986)

0.10

0.15

0.20

1.0
-t(GeV?)

Kaon

« Lattice 2024

—— This Work

5 10 15 20 25 30
Q% GeVA
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Generalized Parton Distribution Function

Vector Form Factors of Pion

Second Moment of Vector

(Phys.Lett.B 747 (2015) 460-
467)

FFs
As(QP) = f dxxFy (x, 0, ~A%),
0.5 10
A, o.19)(02)

04r N A (@) s 0.8 —— This Work
% 031 < 06
S S
< 02 e 2 0.4

04l eI < 02

0.0 0.0

1 2 3 4 0 2 3 4
@*(GeV?) @ (GeV?)

Shaded region- Lattice 2007

[ NIJ2025 ]

Seminar Talk
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Generalized Parton Distribution Function

Tensor Form Factors of Pion

0.7 10
0.6 This Work
- _% 0.8 — This Work
0.5 « Lattice Data FIrSt B
= k- 0.6
& 04 ’IL:
= 0s Moment ¢,
0.2 w 02
0.1
0.0 0.8.0 0.5 1.0 1.5 2.0 25 3.0
00 05 10 15 20 25 3.0 ooV
2 . .
@(Gev?) Bar and shaded regions are from Lattice 2007
04
—— This Work 10
« Lattice Data 0, —— This Work
s
Second §os
‘:G., 0.4
Moment:
0.2
00 05 10 15 20 25 3.0 0.0

00 05 10 15 20 25 3.0

2
eev) By(Q?) = f dxxH,(x,0,-A2) @(GeV?)
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Generalized Parton Distribution Function

Scalar Form Factors

12\ - Contact Interaction
1.0 VD —— This Work
0.8
< 0.6
=0
0.4
0.2
0.0
0.0 0.5 1.0 15 2.0 2.5 0.0 0.5 1.0 15 2.0
(a) Q*(GeV?) b @ (GeV?)
Scalar, Vector and Scalar FF have been compared with Phys.
Tensor FFs of pion Rev. D 106, 054016 (CI) and

PhysRevD.105.054502 (Shaded Region)

= FP(Q) 2 FYOWQY) 2 FRY(©Y
Scalar FF has higher distributions compared to other FFs
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Generalized Parton Distribution Function
Charge radii

Charge radii corresponds to different FFs can be calculated as

( 2> _ -6 aF|S(Q2)

') = F(0) 007 (' e Scalar Radii
2y 6 OFv(Q?)

(ry) = Fy(0) 00%* lg—0° Vector Radii
oo —6 OF7(0%)

(i) = Fr(0) 00* lo>-o Tensor Radii

All are in units of fermi meter
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Generalized Parton Distribution Function

Charge radii Compared with available predictions

Pion u-quark (Kaon) s-antiquark (K) Kaon

Y i [ b | Job b | Jub | b | Jody b b

This Work 0.528 0.558 0.567 | 0.440 | 0.663 | 0.605 | 0.338 | 0.406 | 0.326 | 0.409 | 0.568 | 0.529

LQCD [50] 0.482 0.539 0.679 10386 | - 0.618 | 0.321 - 0.5 - 10538 -

CI-MRL[56] |0.434| 0558 |0.583| - - - - - - N ) B}

Ref. [80] - 0.640 - - - - - - - - 103530 -
NA7 [29, 81] - ]0.657,0.662| - - - - - - - - - -
JLQCD [82] - 0.677 - - - - - - - - 0616 -

CERN-NAO007 [40]| - - - - - - - - - - 10583 -

PDG [83] - 0.659 - - - - - - - - 10560 -

LQCD [84] 0.635 - - - - - - - - - - -

Ref. [79] - 0.65 - - 0.62 - - 0.43 - - - -

= [2)(fm) > \[2)(fm) > /) (fm). For Pion
Same as CI-MRL,PhysRevD.106.054016
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Spin-1 GPDs
Why necessary ?? Based on Arxiv:2505.09213
Very Less Theoretical Study available
Spin polarizations make more interesting
Only one HERMES data available for Structure functions
Tensor Structure (Absent for nucleons and spin-0 mesons)

& O

waves b esperiment
standard model b;#0 # by “sndard model”

Source: S. Kumano slides
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Spin-1 GPDs
There are total 9 GPDs for the case of spin-1 vector mesons, out of which
5 are unpolarized GPDs

Unpolarized GPDs

d
Vs = [ 2:; ior2 P (PN |zp( kn)y.np(kn) | P, A)

- Z e’*ﬁv(jj €* Hi(z,&,t),
i=1,5
Polarized GPDs

o
=Y PAY ¢ Hiw, 6, t),

i=1,4
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Spin-1 Unpolarized GPDs

The LF overlap correlation function

Virs.(x,0,-A2) = —(¢" - ©H\(x,0,-A2) + XD F, (x,0,-A2)

_2(5-P)(§”-P) H3()C, 0’ _A2 ) + WH‘()C, 0, —Ai)

qq

{ng (E(f;}(:)zn) 3(61* E)} Hj(x 0 A )
All the GPDs is found to be

1
Hi(x,0,-A}) = Voo (x.0, -AD) =207 - DVi(x,0,-A3)
+2\/—V10(x0 —A? )+2vl 1(x,0,=A2)],

Hy(x,0,-A%) = 2V 1(x,0,-A7) - —=V(x,0,-A), .
) x/% - With
Vl,—l(X, 0, —Az) d’k,
Hj(x,0,-A%) = _f& Vrs.(x,0,-A2) =§f2(2 )3‘1’ (K, A, )W (Ko, Ay, o).
Hy(x,0,-A%) = 0,

Hs(x,0,-A2) = Voo(x,0,-A2) = (1 + 27)Vyy + 2 V21V (x, 0, =A%) = Vi _1(x,0, -A2)
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Spin-1 Unpolarized GPDs

2
AL

Here,n = —-.
4M1171

Consequently, the LF overlap correlation function Vg, 5 (x, &, —A?) obey the parity

and time reversal invariance as

Vsrs5.(x,0,-A%) = (-D)S5:V_g, 5 (x,0,-A2),

Vsis (6,6, =A7) = (=1)575:Vg, 5 (x,—€,—A%).

n = (0, V2,0,0),

A = (0,0,A.,0), N\ Taken Four-vector notations
M, - A

P = ﬂ(\ll"' 5V1+ s = 50)
V2 Mg V2

qu Ai
P = —=(1+n, v1+n, ,0).
V2 My V2
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Generalized Parton Distribution Function

Spin-1 Unpolarized GPDs

Hy[x, 0,-A%]

x, 0,-A3
1 15 3
1.0 2
0.5 1
05 a2 1Gevy]
0 0
(a) (b)
1.25
1.00
0.75
0.50
0.25
0
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Spin-1 Form Factors

There are total 3 FFs present for the spin-1 unpolarized case, which can be
solved through
(M(P*,S!|J“IM(P*,P,,S.) = —€ - (P + P V'Fi(Q") +(€n-€ —€n-e)F2(Q%) +

CED by PyYFQY.
Through Spin-1 GPDs as '

1
f dxHi(x,0,-A7) = F(QY),  (i=1,2,3)
-1
1

f dxH(x,& -A%) =0. (i=4,5)
-1

2 2 2
Charge FF e Gc(Q)) = (1+ ZFI(Q%) + 30F2A(Q7) + 301 + MFA(QY),
Magnetic FF = G(0%) = F2(0%),

Quadrapole FF == Go(Q) = Fi(Q%) + F2(Q°) + (1 + MF3(0%).
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Generalized Parton Distribution Function

Spin-1 Form Factors

— Gcl@®)
=e=-= Gal@})

© 04

@(GeV?)

(b)

1.0

15
@(GeV?)

20

NITJ 2025

1.0 15
@(GeV?)

Seminar Talk

Covarant

Frankturt

o*(aev?)

Predictions

o 2 a

6

@¥(GeV?)

Rho Meson\(wuh Lattice

-)Data and Theoretical

_~1J/Psi Meson FFs

= pemeson

=0.02
g ~0.04)
8 -o.
10 15 25 30
@(Gev?)
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Generalized Parton Distribution Function

Charge Radii, magnetic Moment and Quadrupole Moment

Charge Radii

2y = 8 9Gc(@)
T Ge(0) 80 lgrn”

Magnetic Moment

Gu(Q* =0) = p,
Quadrupole Moment

Go(Q* = 0) = Q,.

NITJ 2025 Seminar Talk

VG2 tm| | Qp
p(ud) |Ourresult| 0.95 |2.19/-0.023
Ref. [75]| 0.73 |2.01]-0.026
Ref. [78]| 0.82 ]2.07]-0.045
Ref. [61]| 0.82 |2.48]-0.070
Ref. [74]| 0.56 |0.75| -
Ref. [77]| 1.12 |2.54] -
J/W(cc)|Our result| 0.69 |2.05|-0.006
Ref. [74] | 0.350 |2.03| -
Ref. [75]| 024 212 -
Ref. [76] | 0.066 |2.10| -
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Helicity FFs

Futher, using G¢(0Q?), Gu(Q?), and Gy(Q?) form factors, one can define the conserving

(G* +(Q2) and G, (Qz)) and non-conserving (G*+(Q2) and G (Qz)) helicity matrix element as

Q) = = (GC(Q )+ 1Gu(Q%) + 1Go(Q” ))
1
GW(@) = 157 ((1 — DG + 201Gy (Q%) - ?(1 + Zn)GQ<Q2)) ,
2,
Geo) = -1 (GC(Q ) - —(1 - 1Gu(Q) + 1Go(Q? ))

1+
G (Q) = Z (Gc(Qz) Gu(Q) - (1 + )GQ(Qz))-

0.010 0.8
0.005 L el
! L o 0.02] -
g ooooft——o 7 |&
< \ = o 20— -
& -0.008 —00z|},
-oo0t0p L -0.04
-0.015 ~0.06L__>==
. — 00 05 10 15 20 25 30
00 05 10 15 20 25 3 00 05 10 15 20 25 30 00 05 10 15 20 25 3.0 Q(GeV?)
@¥(GeV?) @(GeV?) @(GeV?)
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Structure Functions

Rosenbluth cross section

do 4 (-0%s ] p(j/¢)( 0%
= 1 —B
d-0?) ~ (-7 ( (5= M2, ) ©- 5= M, @)

AQ@) = GH(QY) +2/3nG3(Q%) + 2237’ GRH(Q),
BOY) = fn(1+n)G2 AQ@=0=1. BQ=0)=0

) V2 377G (Q%) +4Go(QH)Gc(QP) + (1/2 + (1 + ptan’ $)G2,(0)
Too(Q7,¢) = — )

3 A(Q%) + B(Q?) tan* §

) @¥(Gev?) ) @(GeV?)

Seminar Talk athduly, 2025 63/75



Generalized Parton Distribution Function

Phi Meson

25

— G¢(@?)
2.0 o (@
15 . Go(@)

$-meson

—— This Work

LFHM

‘0.0 0.5

JINR Seminar

1.5

Seminar Talk

2.0

1.0
08 N
‘50-6 — This Work _\\‘ ________
! LUz, Se-a
G 04| ----- o e
R LFHM ]
0.2
IMA
.0
0.0 0.2 0.4 0.6 0.8 1.0
Q*(GeV?)
V(r2) fm|
This Work | 0.483 (2.13
LFHM 054 [2.04
P(55) IMA 0.60 [2.18
Cl 047 [2.09
Binosi 2019 (.52 [2.08
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Medium Effect on DFs

Nuclear Medium Effect
WHAAAA?!?! on
- DFs.
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Chiral SU(3) Quark Mean Field Model

e For medium modifications, we have adopted the chiral SU(3) quark
mean field model.

e The quarks are bound inside a hadron through confining potential and
interact with each other via scalar fields.

s Low energy properties: Chiral symmetry and its spontaneous breaking
are incorporated in this model.

o Broken- Scale invariance of QCD is also stimulated through the dilation
field x.

@ The general effective Lagrangian density of COMF model is expressed
as
Let = Lg0 + Lgm + L + Lw + Lyss + Le.

NITJ 2025 Seminar Talk 4th July, 2025

66/ 75



Chiral SU(3) Quark Mean Field Model

® Lgo = Giy"0, q is the kinetic term for quarks.

@ Lgm describes the interactions of constituent quarks with the scalar
and vector mesons.

@ The self-interactions of scalar mesons o, and § and the dilaton field
x are described by the third term Lyy.

@ The fourth term Lyy gives the self interactions of vector mesons w
and p.

o The term L, sp representing the explicit symmetry breaking term.

@ L. corresponds to the confinement of quarks inside the hadrons.

For More details- S. Puhan, et.al, PRD, 110 (2024).
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Baryonic
Density on
Melin

Baryonic Density and Temperature effects on PDFs
But Few Changes Occurring
% | Effect of

o 10f + e ok i)
»!A This Work (ps/po=1))
\‘\ 08 *  Chin.Phys.C 48 (2024)
T
e Moment of
(R
H t i
roon N a2 Pi
b e s . on
oo
o 2 4 0 O 10
x
05
----------- NJL (2019, 2022)
04 N, === This work
S “
7
o3t /S N
2 ’/ - =
X 02/ h
{7
1/ ,
0.1 r” AN
S
. . S , Doy
02 0.4 06 08 1.0 ‘0.0 02 04 06 08 1.0
x x
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TMDs on Baryonic Density

Palpo=0.00 5
— 28] === pplpg=0.25 =
"% 20b -~ polpe=0.50 =
<) P8lpo=0.75 S
.-_1;:4 15| PB/py=1.00 "E
%1.0 \ . %1 f ‘. 9 1 & ®
08 S 1 ¥ 4 \;ﬁ :
0.00 0.02 I).n;i[(;evzl)],l)i 0.08 0.10 0.00 0.02 n.a’:il(;e‘/ln].aﬂ 0.08 0.10 Effect of
Baryonic Density
—— on
Average
— Transverse
Palpo

Decrease in Average Momenta by 40

percentage

Seminar Talk

Momenta of
Quark
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Medium Effects on TMDs and PDFs

Baryonic Density effect on FFs

10 « NAT (1986) o] 12 13— pem00 50
o FNAL(1982) ——-— pg=0.5p; 1.1 “_ 12 Pe=0.5 py
08 + stab o0y - g - pe=1.0 po
e SRR
s * JLab (2007) .g =10 T+ R P e e
T . T o8 5 i [ l
07 % 09}~ pg=20p
o2 06 . PLB 178 (1986) " 0.8|+ PLB 178 (1986)
00 05 * PRL 45 (1980) 000 002 004 006 008 0.10
0.0 05 1.0 15 20 25 3.0 0.00 0.05 0.10 0.15 0.20 -t (GeV?)
-t (GeV?) -t(GeV?)
Baryonic density LCQM NIJL Model LFQM
ratio (ps/po) (This work) [58] [39]
V() (fm) | V) (fm) | V(rg) (fm)
0 0.523 0.629 0.654
0.5 0.553 0.664 0.776
1 0.585 0.694 0.947
15 0.614 0.714 -
2 0.638 0.730 -
Exp. 0.653(10) - -
Lat. 0.648(2) - -
NITJ 2025 Seminar Talk
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Spin Densities in Medium

With Increase in Baryonic Density, the Spin Density
n becomes Concentrated around Zero

Seminar Talk athuly,2025 7175



ﬂ : )
Dr. Narinder Kumar Dr. Shubham Sharma
&
Dr. Nisha Dhiman

Dr. Arvind Kumar
&
Dr. S Dutt

Dr. Harleen Dahiya

3 ;
Mr. Anurag (M.Sc) Ms. Tanisha (M.Sc) Mr. Abhishek (M.Sc) Mr. Hari (M.Sc)

L L S, S cminar Talk athduly,2025  72/75




Thank You

&IQ‘IQIQ

77777



Backup Slides

Backup Slides

I'M GONNA NEED

.\; :
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Backup Slides

Sorry, NO Backup Slides
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