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O Main goal: The implementation of the relativistic QFT on a quantum computer.

The Instant form _ The light-front form P. A. M. Dirac, Rev. Mod. Phys. 21, 392 (1949)
O Instant Form Dynamics O Light Front Dynamics
* Traditional approach evolve with relativistic * Innovative approach for relativistic dynamics
dynamics e Strictly in Minkowski space
* Closelyrelated to the Euclidian space * Applicationin -PDFs, DIS, GPDs ...

* Applicationin-LQCD, T-dept QFT, IMF ..
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* Instant-form dynamics

Irrational relationship

O Energy-momentum dispersion relations

P° = /P2 + m?2

Light-front form dynamics

- P2 +m?
P~ = 2P+

Rational relationship

U Time-ordered diagrams : Vacuum fluctuation
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Poincare matrix

* Instant-form dynamics
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Light-front form dynamics
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LF QFT is highly appealing as the starting point for quantum simulation,
* LF facilitate lower qubit counts
* Readily available good initial states



Interpolating between Instant form dynamic (IFD) and light-front
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K. Hornbostel Phys. Rev. D 45, 3781 (1992)-RQFT

C.-R.Ji, and S. Rey, Phys. Rev. D 53, 5815 (1996)-Chiral Anomaly

C.-R. Ji, and A. Suzuki, Phys. Rev. D 87, 065015 (2013)- Scattering Amps
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dynamic (LFD)
. x*t cos(8) 0 0 sin(6) %0
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* Relate IFD and LFD and show the whole landscape in

between.

e Clarify any conceivable confusion between the Infinite
momentum frame (IMF) and LFD

* Magnify the vicinity of zero-mode .

C.-R.Ji, Z. Li, and A. T. Suzuki, Phys. Rev. D 91, 065020 (2015)-EM Gauges
C.-R.Ji, Z. Li, and B. Ma Phys. Rev. D 98, 036017 (2018)- QED

B. Ma, C.-R. Ji Phys. Rev. D 104, 036004 (2021)-QCD ;1




Scalar particle decays into a fermion and an anti-fermion

Feynman digram



Scalar Field

The scalar Lagrangian is

Ly = %(a“@)(a%) — %?'r'e.gq':rz.

We can write ¢ as a linear sum of an infinite number of creation and anni-

I

hilation operators a; and az indexed by the 3-momentum p

| d>p 1 L L
O(T) = /( ! {aﬁew'r —|—EI-;E_1FII}

2m)3 \/2F,




Commutation relations

The commutation relations ¢ for and 7y are equivalent to the following

.I_

commutation relations o and az,

Hamiltonian for scalar field

We can compute the Hamiltonian for a scalar field in terms of t’I.I_:_- and ag,

1 . .
H, = 3 [dg;:rr (7* + (Vo) + m*¢?)

1 d 3 P : ' d 3 D . 1 _
H, = 5 / {QW)BEﬁ [(Iﬁfﬁi; + f.'.r,;.f:.r,ﬁ] = / (Zﬁ)BEﬁ |:f.'L;~f.'Lﬁ + 5(2?.*)3?}{3] (0)



Fermion Field

Take the Dirac Lagrangian

Ly =iy Ot — mapi).

We write the free fermion field as a sum of plane waves,

() Z / . [bS u (§)eTPE 4 ¢ . o8 (P)e™ I] :
p

(@) Z f [bﬂ u' (7) e~ 4 gt () e P
p

g . . . .
where the operators bi:__;f create particles associated to the spinors u*(p), while

C‘;T create particles associated to v*(p). As with the scalars, the commutation

relations of the fields imply commutation relations for the annihilation and
creation operators,



To quantize the theory, we promote the field ¥» and its momentum v'7 to operators, satisfying the eanonieal com-
mutation relations, which read

%), ¥s(¥)] = [WL(2), vi(@)] =0,

[Va(T), 0L(#)] = bap 6 (2 — 7).
The field commutation relations are equivalent to

r st _ 3srsc(3) /= st a\3ersc(3)/=
[bﬁ,bﬂ — (2m)36763) (5 — ), [Cp,t’@.]— —(2m)3576B) (7 — 7).

with all other commutators vanishing.



Hamiltonian for fermion field

H’{;’; — /dgﬂ? t,_‘(—i’f’i‘)g + TT?)L

d*: st g d; st g st s -
Hy :f ‘?QlEﬁ (b1t — cgest) :f@ﬂ‘;Eﬁ (b5 — csleg + (2m)%(0))

Interaction field

A minimal interaction for a real scalar field ¢ coupled to a Dirac fermion 1 is:
Lint = Qﬁf“f_’%f)

where g is the coupling constant.



Interaction Hamiltonian

Similarly we can calculate the interaction Hamiltonian, H;,; = [ d>z(gpi))

Hi = g [ 2 0(a) 0@ ()

B Z/d35d3ﬁd3g* 1
—9 oy (2?1‘)6 \/QE;: QEﬁ QEq*

{a.g bt u (s (5) 6@ (F +p — )

+ ag b et ar (o (p) 6O (k-7 )
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—f-a;: ;;cﬁ (v (p) 0P (k + 7 - p)
+ ab bfbs a (@u(p) 0O (—F + 5 -
+ a% ?cgj a" (@ (p) 6@ (—k —p—q)
+ ak ey T (us(F) 6O (—k+ 5+ )
+ bl et v (@) 6O (K + G- )}



Consider the relativistically normalized initial and final states for the scalar
particle decays into a fermion and an anti-fermion

i) = \/2E}al|0)
|

f) = /AEgEzbLct|0)

dgpd?'qd?'h 1 - :
_ Z 3V _ 7 s
Huoeny = g [ s ST S (k — q—p) ag b5 c5f am (@) v (p).

M 2 = gai(p®, A )v(p®, Aa).

“gumodes” (short for guantum modes) are the basic units of information in continuous-variable (CV)
quantum computing, analogous to qubits in standard (discrete-variable) guantum computing.



Lattice formulation makes QFT finite and discrete

= Continuum field theories have infinitely many degrees of freedom.
= The lattice discretization replaces space(-time) by a finite grid, turning the field into

a finite set of variables (one per site).

This makes it possible to:

= Store the field values in a finite number of qubits
= Represent the Hamiltonian as a finite matrix acting on this quantum register.

The lattice version of QFT is the bridge between continuum field theory and a quantum circuit
implementable on hardware.



In quantum algorithms for simulating a Hamiltonian H = Zj H ;, we use Trotterization
to approximate:

n

U(t) = et x H e ittt | where At =t/n

Each exponential e “HiAt hecomes a quantum gate sequence that acts on a small

number of qubits.



Lattice scalar field theory calculations

Let lattice sites be labelled by an integer vector n = (nl,no,..,ng). Physical
position, = na, where a is the lattice spacing.

Replace spatial derivatives by finite differences. A common choice is the
symmetric nearest-neighbor difference.

Spatial gradient can be written as,

- {'p . —_ o
O;p ) — 1=t
2a

and the Laplacian by the second-difference,

d

V3o(x) — —5 ) (bpi; — 200 + b _3).
=1



Lattice Lagrangian density ( lagrangian per site),

1 - 1
En:_':Q_ / "—ﬁnz——?ng-lz.
2@1’1 2(12 ;((F)ﬂ,—l—t ¢ ) 9 C.Dn

Total Lagrangian can be found as,

L=) a'Ly=) a B b - 502 2\ Pnyi — on)® — 5???2@31

n T

Here, a? is the lattice cell volume. We can also calculate the conjugate

momentum at site n,




Then the Hamiltonian for the lattice scalar field,

?TE; al 1 - v
— 20 + a EZ(Q”‘FE_UH) +§'ﬂ1 O,



Lattice Dirac field theory calculations

Continuum Dirac Lagrangian density,

Ly =1(x)(iv"0, —m) = — )10 + 1Ty~ 0,00 — map Ty .

Replace spatial derivatives by symmetric finite differences:

O () — 2 Tni

Define the site Lagrangian density

_ L:' _a-,. |
ﬁn _ “rxT /) EL‘T Z n—l—t > n—i THQ'TWD'UH-



Total Lagrangian,

L=Y a’Ly(t).

Canonical momentum (per site)
oL
Oy,

Tn = a%it] .

Hamiltonian,
H=3 mnin—L.

The time-derivative term cancels because m,1,, = adifq;}jl';;'}n and £ contains
+5° a%ihl h,. So we are left with the negative of the spatial + mass pieces:



Hamiltonian of the lattice Dirac field.
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Lattice interaction field theory calculations

Lint = E a.dﬁ,gm = —q E Al Ppthnthn .-
T

Hint — 111t — ‘|—(}’ E a mn 'nl Dy -



The total lattice Hamiltonian

2 . .
. Tn d 1 - L )2 l 2 .2
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Rescaled Lattice Hamiltonian for Scalar, Fermion,

and Interaction Fields

To eliminate explicit factors of a?, define

fields:

~ d 5
Dp = 20y, Tn
Equivalently,
. _d
Op = @ 2Qp, Tn

dimensionless (lattice-normalized)

(][~

{-{' ﬁ?l -

For a scalar (bosonic) field on the lattice, the canonical commutator is

) “m] — 'f'énmr



with all other equal-time commutators vanishing.
Under the rescaling,

i~

(D Ton) = 020, 0™ m) = 0202 [, ) = i

Hence the canonical commutation relation is preserved:

Substituting these into H, we obtain

~9 :
m 1 T 7 1 -
Hsca.la,r — E 2'.'1 + 202 E (fpn_ﬁ — @n)2 + 5??’:‘2@%
i

T

Thus, the Hamiltonian in terms of the rescaled fields has no explicit pow-

ers of a?.



Rescaling of Fermionic Fields

Define dimensionless (rescaled) lattice fermion fields:

o
(S]]=H

\n- Xn = X3

On the lattice, the discrete equal-time canonical anticommutator is

e Bty . —d a3 ) . N
{ﬁ'"n: (12 } =@ " Opyy 07, where «, 3 are spinor indices.

Under the rescaling v,, = a?/?1,,,

(&G = a®PaP e Wil

—a%. a7, 0% =4, 5P



Substituting into H removes the explicit factor a?:

Xﬂ—|—i Xﬂ—:!: 0
errmic:n — E —1 )(n E m Y 2 —}—’}’H)(n"‘f Xn

T

The scalar-fermion interaction Hamiltonian (Yukawa-type) is
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d . T d _4d7 _d _ _4d
a QpPpy, =a (a 20y, a 2Xn a 2\n

Hence,

Then the rescaled interaction Hamiltonian becomes

Hi]:lt — § Z an )_(n.Xn-



Combining all contributions, the full rescaled lattice Hamiltonian is

Htc-t-a,l — Hsca,lar -+ errmic-n + Hint

_ﬁ'?l 1 ( ~ ; )2 1 2(‘52
— — 1 s — Oy —Im=ao:,
Zﬂ > 22 Zi Pnti = Pn)T I

P

. 0_iXn+i  Xn—i 0 -7
— XL Z 70~ n—+1 > n—i 4 L,-:f.. Xn + 0 Pn XnXn
1




Canonical energy—momentum tensor

We start from the canonical energy momentum tensor for a Lagrangian £(®,, d,®,):

(137 oL W 3%
1 =3 gy e~

where the sum runs over independent field components ®,. The spatial mo-

mentum operator is
Pt = / d3x T (x).



Real scalar field.

The scalar Lagrangian is
o 1 i I "P'* I 1 2 _|._2
Lo = 3(0up)(@) — gm~o~.
Compute the derivative with respect to d,¢:

ﬁ = M.
o)

TH = 0" 6 — g L.

Since g% =0 for i = 1,2, 3,
TV =3¢ d'¢.



Using the canonical momentum 7(x) = = ¢ =y and 9 = —0;

A(Dpo)
Tgi — 710" =7 (=0;¢) = — 7 ;.
Hence the spatial momentum operator is

P} = /d3:r. Tgi = —/d.B:r. T(x) 9;0(x).

In particular, the longitudinal momentum is

Pg — —/-:i3:r. T(x) J30(x) |.




Fermionic Fields

Take the Dirac Lagrangian

Ly =iy o, — mapip.

Treat ¢ and v as independent fields. The only term containing derivatives is
iy 9,1, so

df’ﬁf’ - T dﬁﬁl
ut) 9(9,1))
, 0Ly .,  OLy . -
THY — ¥ M+ — wT Y LL. _ 'g,uu Ew'



Only the first term contributes, so
T:;U _ EIE"}'H({')UIJ’ o g,m;ﬁﬂ)
The momentum density is the 0z component:
Tgi — t}’jf'ﬂai'lﬁl’ _ gﬂiﬁ;&-
With ¢% = 0 and v4" = 7,
TS i pTok.
Using 9" = —d; we can rewrite

T,Bi — —7 L’Td«gl’

Therefore the spatial momentum operator becomes

P = / dr T = —i / Az T (x) O (x).

In particular,

Pi = /dgr T (x) O31p(x) |




Interaction field

Take the interaction Lagrangian Ly, = —gou)

% aﬁin - -
THY _ Z t C)U(I)a . Q”Uﬁint.-

int O
- 0(0,P4)
But for the Yukawa interaction Ly = —gd) there are no derivatives of
the fields in £, so
aﬁint
——— =10 for all fields ®,.
(0, Pa) ‘

Hence
JEY% L L’ ]
T —_— T ‘g‘ul Elnt .

int

For the momentum density we need the 0i component. For spatial index i
the metric components ¢ = 0, therefore

T = _gUz' Ling = 0.

int



The longitudinal momentum coming from the interaction piece is

nt int

p3 :fd%:ﬁ“?*:o.

Combining all contributions, the total longitudinal momentum

PS

—/(53;1'. T(x) d3p(x) — -i/dg-:r T (x) I310(x)

Lattice rescaled longitudinal momentum




Light-front Hamiltonian P~
(PO — P%)
V2
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ircuit in progress

Quantumc
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Quantum circuit

a1 R — R *
« 4 W &
- e o
_ pmem  mm
g5 [ R Ry ¢ — R *
qs — R — R . — R -
a -0 o—o——§ &

—©




Conclusion

= |F QFTis highly appealing as the starting point for quantum simulation

= The lattice version of QFT is the bridge between continuum field theory and a quantum circuit
implementable on hardware.

Future:

O Implementing interpolation quantum field theory between instant form dynamics
and light front dynamics in the quantum computing.
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