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Introduction

Dirac’s Proposition

The Instant Form ~ The Front Form P. A. M. Dirac, Rev. Mod. Phys. 21, 392 (1949)

U Instant Form Dynamics J Light Front Dynamics

* Innovative approach for relativistic dynamics
e Strictly in Minkowski space

e Application in -PDFs, DIS, GPDs ...

* Traditional approach evolved from non-relativistic
dynamics

* Closely related to the Euclidian space

* Application in - LQCD, T-dept QFT, IMF ..



Introduction

Instant Form Dynamics vs. Light-Front Dynamics

U Energy-momentum dispersion relations

x° 0
* Instant-form dynamics * Light-front dynamics [
La
t t PO — /P2 L m?2 p- — P +m?
» _xs - 2P+ ’ + x3

1 Time-ordered diagrams : Vacuum fluctuation

Instanttime  x% — Light-front time x1+ —

+
_— +|F| _— Pr >0 Not Allowed

Allowed < < Unless Pi'= Py =0

T~ _|p,| T~ P} >0 (LF zero-modes)




Introduction

Interpolating between Instant form dynamic (IFD) and light-front dynamic (LFD)

IFD (6 = 0) ~
; ; F ' 0
0 o =cos§x0 +sm6x3 D (5 =E) x* cos(6) 0 0 sin(6) X
0 =53 N 0 ; 4 P 0 1 0 0 x1
. X +X 2170 0o 01 0 X2
A= ‘\/5 e sin(6) 0 0 —cos(8)/ \x3
Interpolation space time matrix
C o0 0 S
~_lo -1 0 o S = Sin(26)
I9=1o 0 -1 o0 C = Cos(26)
< . S —C
7 \\\ 0 0
-X / O * Relate IFD and LFD and show the whole landscape in between.
S e Clarify any conceivable confusion between the Infinite
S
‘\\ momentum frame (IMF) and LFD
) * Magnify the vicinity of zero-mode .

K. Hornbostel Phys. Rev. D 45, 3781 (1992)-RQFT

C.-R.Ji, and S. Rey, Phys. Rev. D 53, 5815 (1996)-Chiral Anomaly

C.-R.Ji, and A. Suzuki, Phys. Rev. D 87, 065015 (2013)- Scattering Amps

C.-R. Ji, Z. Li, and A. T. Suzuki, Phys. Rev. D 91, 065020 (2015)-EM Gauges
C.-R. Ji, Z. Li, and B. Ma Phys. Rev. D 98, 036017 (2018)- QED
B. Ma, C.-R. Ji Phys. Rev. D 104, 036004 (2021)-QCD4 44



Quantum Orientation Entanglement Analysis in the
Interpolating Helicity States




Motivation : Orientation Entanglement of Spins

U Singlet and triplet states

For triplet states: Symmetric wave functions (j =1,m = 1,0, —1)

L1>=[1>o[1>

=1@0 ) |1\0>=%(ITH5‘:-I 1>+ 1> @[1>)

1,-1>=|]>1|l]l>

l\.’.‘:l ot
l~.:l| e

For singlet state: Anti-Symmetric wave function (j =0, m =0)

0,0 > = (IT> e > —[{> | 1>)

Sl

O Wigner-d matrix of spin-1/2

cos (&) —sin (% L/2 - —
R;%( (%) m) y A@IN=1

sin (%) cOos (%) R;/E(ﬂ) [ =—]1)



Motivation : Orientation Entanglement of Spins

O Tensor product of rotated states

R!(8,)[1,1>=R"2(6,)| T>® RY*(6,) 1>,
1
V2
R!(6,)1,—1>=RY(8,) |> ® R*(8,)| |>,
1
V2

RY(6,)1,0>=—(RY%(6,) 1> ®RY*(6,) |> +RY*(6,) |> ® RY(6,)| 1> ),

R%(6,)0,0>=—=(RY2(6,)| 1> ® RYX(8,)| |>—R*(6,) |>® R*(6,) 1> ).

!

1 Quantum-orientation entangled states

1+cosf sin @ 1—cos#d
R{(9$)|1,1>:( 5)\1,1>+ *1,0> +[ ”‘)|1,—1>,
) 2 NG 2
RYB,)1,0> Smgsu 1> +cosf,|1,0> +Sin95\1 1>
» = ) Cos » Yo y
vy V2 ’ V2
1—cosf sin®@ 1+cosf
Rl(Qs)ll,—l::»:[ S)\1,1>— 5\1,0>+( 5)|1,—1>,
y 2 V2 2

R)(8,)0,0>=[0,0>.

» How orientation entanglement work in
the relativistic helicity states?

» Can helicity differ across different forms
of relativistic dynamics (IFD and LFD)?

» How can we see the orientation
entanglement in different forms of
relativistic dynamics?

Ri(m)|L,1) = |1, 1)

— RY(m)|1,0) = —[1,0)

Ri(m)|1.—-1) = |1,1)



Interpolating Helicity States

0 To obtain the interpolating helicity states with arbitrary momentum, we apply the T transformation on a spinor/ polarization

vector in its rest frame. : ,
. . . . r:]_
T =TyoTy = etf ik gk

K! = —K'siné — J* cos 8, (6 - 0), K' - -J2, K* > J! _
' ’ M. Jacob and G. Wick, Ann. Phys.7, 404 (1959)

K2 = J'cosd— K*sin é, (6 - w/4), K - -Ey, K? - —F, H. Leutwyler and J. Stern, Ann Phys. (N.Y.) 112 94 (1978)
Z.Li, M. An, and C.-R. Ji, , Phys. Rev. D 92, 105014 (2015)

1 Generalized helicity operator

0; j,m) = m|p;j,m)g,

Ta|pij.m)s =TI T7IT

Ty = 5(P=J5 + PIK? — P2KT)

50 5=
— - —
4

Helicity defined in IFD P2E, — PYE,) Helicity defined in LFD
Y P Ty = Jy + ( 1 2) Y

(Jacob and Wick helicity ) J3 = | P+



Spin Orientation in Interpolating Helicity States

T = BD(n.0,) = ¢ emimdo,
Rotates the spin by angle 6 around the axis along the unit vector

Boosts to momentum P m = (—sings, cosgs, 0)

i = ( sinfcose, sinfsing, cosH)
 Comparing two T transformations

cos a1 + cosh 33) + cosh 33 — cosh 7

cosSl, —

1+ coshn
B P- Pi sin o
P P(E+ M)
COS (g =
sing, =

Spin orientation changes for a positive helicit ) ) ) ) , _ _ 1
P g P Y A unique relationship for the spin orientation changes with the particle's

momentum direction between IFD and LFD for spin-1/2 and spin-1

spinors, as well as polarization vectors.
Z. Li, M. An, and C.-R. Ji, , Phys. Rev. D 92, 105014 (2015) 10
C.-R. Ji, Z. Li, and A. T. Suzuki, Phys. Rev. D 91, 065020 (2015)-EM Gauges




Expansion of Interpolating Helicity States

O Interpolating Helicity states in the basis of instant form helicity states ( Jacob and Wick helicity states)

» Interpolating spin- % spinors

O - Br
(P, 0 Ly i (O 1 cos () —sin ()
Us(P, 5) = cos (?h) Ur(P, E) + sin (Eh)U;(PF _E) H/2 —
1 1 1 in (% On
Uﬁ(Pr_E) = —sin (%)UI(P E) + cos (%)UI(P _E} S ( 2 ) cos ( 2 )

0, = (6s—0)

O For any Interpolating spin- j spinor
» Interpolating spin- 1 spinors

J

1+ cosfl indy, 1 — cosf — J g

Us(P.+) =5 Uy (P.t) + Z2U (P.O) + (Ui (P Us(P,X) = ) H{,\Ur(P,X)
: : A'=—j

Us(P,0) = — Slil/gh- Uy (P, +) + cos 0,Ur(P,0) + S‘\“/g”“ Uy (P,—)

| — cosd sin 0 | + cosf A = Interpolating helicity state value

— COSUp, hrr 0S O,
s(P,—) =(——— ) — Jr(P,0 —— U (P, —

Us(P,—) =( 2 JUr(P.+) V2 Ur(F,0) +( 2 Ui(P,—) A" = Instant form helicity state value

Valid for spin-1 polarization vectors as well
(D.Dayananda and C.-R. Ji arXiv:2603.18208 [hep-th])



Matrix functions of Interpolating Polarization Vectors

(14cosbr) _ sin@, (1—cos6h) 1+ cos 0 sin @y, 1 — cos
’ V2 ) e (P.+) =(————)ef (P.+) + 7 € (P,0) + (———— )€ (P, —)
1 __ sin 6p _ sinfp
H' — ~ 5 cos O /5 / \
\{l—cosﬂh} sin Oy, (l-i-CDSQh})
2 V2 2
P2 cos§— P+ P- siné
COS 9,& — P’C|P| -
e _ M|P,|siné
sinf, = PP

O Critical interpolation angle effect
0=m

0<6<8, 6, <6 <m/4

100

0 0 1

1 B

001 1 0 0




Interpolating Helicity Amplitudes

O Two massive spin-1 polarization vectors production by scalar particle and its anti-particle process. XI

-

P ¥
MG = = 2g5¢ (%, M) (p*, ho) v /‘{\ p?

Seagull channel: contact interaction /
Angular momentum is conserved without involving orbital angular p*

The center of mass frame (CMFE)
momentum.

pl - (EO)O)O)PS))

p2 = (EO)O)O)_PS)J
3 = (Ey, P,sinf,0, P, cos#),
=

p
p = (Eo, —P,sinf.0, —P, cosf).

The angular distribution of the interpolating
helicity = amplitudes depends on the
orientation entanglement of the composite
system formed by the final state interpolating R N
polarization vectors. 0sto




Interpolating Helicity Amplitudes

A .)\o W 5 . [)‘1 A2 Hl, Hll ) A[Xl-/\:z
MM = 9 e (5P, A e (pF, o) Z . AP
= 206 A () >
AL o

= |FD helicity amplitudes I

ALLAS
M

— 27 (p* N es, (Pt D), Projection helicity amplitudes

> N =\, =+
B X =2 =0
0 it N, £ ).

Interpolation helicity amplitudes can be expressed in terms of IFD helicity amplitudes

0 Symmetry based on parity conservation

Mg Az (_1))\1—)\%7\_{;1..)\2

M08 = ()M A Mg



Interpolating Helicity Amplitudes

Example: e
++ _ g+t ++ ++
My "= Myy +MIZ + My,
MY =2(Hi,(p")Hi 1 (p")),
M :2(H£1,1(p3)H£1,1(P4));
i+ 2B+ P a1 4
Mgy" = m2 (H0,1(P JHo 1 (p7))

08 ¢ 08 o 08 g




Interpolating Helicity Amplitudes




Relativistic Effect of Longitudinal Polarization Vectors in the Helicity Amplitudes

The Seagull channel by itself is not gauge invariant; gauge invariance is restored only when the Seagull t and u channels are
combined.

N




Manifestation of Quantum Correlation in the
Interpolating Helicity Amplitudes

18



Motivation : Correlation between Spin Orientation and Longitudinal Boost

O Instant Form Dynamics O Light-front Dynamics
® Momentum direction
© Spin direction « Longitudinal boost is a dynamic
operator

a kinematic operator

Longit.udlnfal bO_OSt n .th.e. _  Light-front longitudinal boost is
opposite direction of initial
momentum. ‘

o Helicity minus
Helicity Plus
' Transverse rotation is a kinematic
‘ operator

— * Light-front transverse rotation is a

. . o 0
Spin rotation in 180 dynamic operator

Helicity minus

How the helicity O states of scalar and vector particles transform under a longitudinal boost.

19



Correlation between Spin Orientation and Longitudinal Boost

> The relationship we obtained in the analysis of » When we fix the particle’s initial momentum direction as +z,

quantum orientation entanglement between

IFD and LFD 1 P->0

0, =0, cosa = P- /| P-
s =

| m, cosav = P~ /|P-|— —1 p. <0
cos a(1 + cosh 33) + cosh 33 — cosh 7 /1P-] =

cosfly =
1 +coshy Interpolating longitudinal momentum (P-=)
P- P2 sin
P P(E+ M) * Initial direction of particles” momentum

* Interpolation angle
* Boost of the frame

» Interpolating Longitudinal Boost
(P;\ [1(1—=p8) 00 45C \ (P%\
Pl 0 10 0 P P. =vSCP; +~(1 + S)P-

p|= 0 01 0 Ps =v(BPT 4+ P-).
» Quantum correlation condition

P. vBC 0 0 ~(1+p3S) P- A
\ )\ )\ ) B=—(P-/P*) —> P 0

- 20




Quantum Correlated Interpolating Helicity States

. 1 .
Spin-3 spinors

Spin-1 spinors

Spin-1 polarization vectors

1 1
Us(P2 > 0,5) = Us(PL>0,—7)

! 1 / 1
Us(P> > 0;—5) = —Us(P> >0, 5)

Ug(Pi > 0,—{—1) = U@(Pi > 0, —1)
Us(P~ >0,0)= —Us;(P-~ >0,0)

Ug(Pi >0,—-1) = Ug(Pi > 0,+1)

' (P. > 0,+1) = € (P. >0,-1)
“(P' >0,00= — € (P >0,0)

(P >0,—-1)= (P. >0,+1)

= Indicates sign change of interpolating longitudinal momentum (P’'-)

21



Scalar particle and its anti-particle production by two massive spin-1 polarization vectors

(VW— SS)

O Interpolating helicity amplitudes

P P,
Vv 2 L. 8 P, P,
uf Ra, i B we ag

: 7 M, = (=ps +q) &Py M) 53— pr (P4 +q1) €9(p2, 22)

AQG1=P,—P; -

[ ) \‘\

v g \" 7 = ) S A1z 1 )
vV o p i Py . M, = (=ps +q2)° Ev(Pz»AZ)T(—m + q2)"ep(p1, M)
(b) a2 s
(a)
AA 7 9
Mg = _29;703” (p1, A1) €¥ (p2,A2)

Fig. (a) t-channel Feynman diagram, the cross
channel (u-channel) can be drawn by crossing
the two final states’ particles. Fig. (b) is drawn
for the seagull channel.

Where q, = p3-p,

O t and u channels have time-ordered interpolating helicity amplitudes.

V -> Vector particle (Spin-1) 0
Other processes
S -> Scalar particle (Spin-0) P
 Two massive spin-1 polarization vectors production by scalar particle and its

anti-particle process. (§S - V1)
* Scalar particle and its anti-particle production by real photons (yy — SS) and

(SS = yy ) process 22



Interpolating Time-ordered Helicity Amplitudes

O t- channel process

Prov P, P P,
WV - > == A== ==
\
Co) I .
l I 4 —
I ,‘I N o
L R
WWW-L-¢=-== AW - - <--- 5
e —»
Pl . " —P3 P]_ . . _P3 Ea
(a) (b)
° Forward_time ® BaCkward‘time

ordered diagram ordered diagram

* The u-channel time-ordered diagram can be obtained by
crossing the final state particles.

The system evolves with the interpolating time x*

1

The interpolating time-ordered propagators of the

intermediate virtual scalar

207

|

g —Qf

C ] n Eg: 1 [ C

207

1
q% —m

i = 5
s

* Covariant Feynman propagator

23
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Symmetries between Covariant Helicity Amplitudes

MF =DM~
M+ = M~
M+ = M~

M= =M;F
M= = Mg+
M~ =Mt

d t— u Symmetry

M;T = —(M;™)
MO+ = —(MO7)
MOT = (M)

M = — (M)
MO = —(M79)
MFO = — (M0

M (0) = M+ (m—6)
M= (0) =M *(r—#0)
MPT(0) = MO0(r —0)
M) = MO+ (7 — 6)
M) = M (7 —6)

O Helicity amplitudes satisfy symmetry based on parity conservation.

M(=N,=X) = (=) M (N, )

* All time-ordered diagrams also satisfy the same symmetries mentioned above.

C-R.Ji, B.L.G.Bakker, International Journal of Modern Physics .Vol.22, No 02, 133002 (2013)

24



Seagull channels with transverse polarization vectors

Mse~ 1 2

+z  Mse*~ Mse "z +z =Mse++ AN
IFD M. M.t 7 )
se Vv 2
0.05 — 0.0 —— s - Py Ps s
0.2 I'I .'I ) - 15‘!':'"3
-_-'i— '| fo 0%-": 1 .'}I 'i ‘-.‘ 15;\ .'1-.\"-,|
60.? III 56 60.4-""} l'| E'u Ii. "'\ ."1-. _l\':
sl ] o e S S ey
e AW 06/ . -
LFD _.»'"r 'i 1II '|lI '|lI lxl".l II'\. Jirre - ——t 1‘ 1 '-tl"-.. ) )
08 5 o s | N 0s / SRR Y Parity conservation
\ o o o v W A | s
- j1-5 Vs + 4
o AW LT | 10 Mse = Mse
1 o o | \ 1
T\ Jos '. - —
| Y e Mse~t = Mse™ ™
S —— P —— ] ¢ — — : : 0.0
-10 0 10 -10 0 10
PZ pz
Quantum correlation condition = P! — P — 0
_,_|_ =

—\—=

= )2 z)2 . FEoP? — P,/ E? Pz)2
tan(dc,4+2) = —EUP R \/J? + () tan(0c,—2) = — . v ‘2+ =) 2
* Pvpz_i_EU\/EZ_I_(Pz)Z —PUPZ—FEU\/E + (P?)

25



Seagull channel with transverse polarization vectors

To see the QC in the zero-mode,
we consider total interpolating
longitudinal momentum of the
system

(PH)T = \/}_772 + (P#)2sind + P* cos o

To review the quantum correlation
boundaries, from the light-

front perspective, we consider the total
light-front momentum of the system.

(PH)T = é\/m +(P?)? 4 P*

e Zero-mode

(P)T =0

-
e 0P
RseY




Seagull channel with longitudinal polarization vectors

* Phase changes due to the quantum correlation Eﬁ(P’; >0,0) = — e*ﬁ(P’; > 0,0)



Seagull channel with longitudinal polarization vectors

28



T and U channels helicity amplitudes

* Depend on orbital angular
momentum involving an
impact parameter.

* Time-ordered helicity
amplitudes exhibit the same
features.

29



Time-ordered Helicity Amplitudes




Angular distribution in the rest frame

— ++ ++
- Mt,a + Mt,b

 Decomposition of the covariant scalar propagator ::
exactly at the LF .
Critical scattering angle o8l — My ™"
06F — M p™"
-1 (Pv ]
6. = Cos™ (2) = 0.955 04
Ps 02f
Y- + B(rad)

* Critical interpolation angle _ _ o _
Cross section of the light-front end helicity amplitude

P,
5. =tan" 1| =) = 0.464 31
Eq



Angular distribution of helicity amplitudes in the boosted frame

* Positive higher momentum helicity amplitudes results in IFD can mimic the light-front results.
* Negative high momentum time-ordered helicity amplitudes in IFD can not mimic the light-front results.
* This clarifies any conceivable confusion between the Infinite momentum frame in IFD and LFD.

e To compare with LaMET results , one may have to select only positive higher momentum.
32



Scalar particle and its anti-particle production by two real photons (yy — SS)

* The helicity of the real photon is relativistic invariant that matches its chirality.
= No boundaries corresponding to the quantum correlation in this
process

e All the amplitudes satisfy symmetry based on parity conservation.
 Tand U channels have time-ordered helicity amplitudes with the same features.

* Only forward time-ordered processes are allowed at the LF end.
33



Total Probabilities
MPP =)

A1,A2

MMA2 4 M A2 4 V2222

124 [M]Q+4

g — m?2

iy 2
t1 + mg
m. 2
t1 —ms2

[( 1 +m2)(uy +m3) 1u1] —|—4}

M(yy — SS/88 — v7) [*= 4{
| ( Y —r / — 1 ;) | [ (tl — ??.&_3)(,21_1 — mg)

| M(VV = S5/88 = VV)

5 [[2(1‘-2 +m?) —m? ] 2 [2(-31.2 +m?2) —m? ] 2, 5 [ (ta + ug + 2m? — 3-1‘:‘33,)2”
N (tog —m?2) (g — m?2) (to — m?2)(ug — m?2)

Bty + ug + 2m?2 — 4m?2 Sug + to + 2m?2 — 4m?
2| ]+ ]| +16

to —m o — 1M

IM(yy->S8)/(SS->Yy)|*

IM(VV->SS)/ (S!_E‘_»__—_:'W) | 2

e tandu are Mandelstam variables of the
corresponding processes.

* Analytical results are symmetric under thet & u
exchange.

* Total probabilities are independent of the
interpolation angle and the frame.

il P e
W . Y e
P -10 ' Iy

34



O So far, we discussed the Mikowski four-dimensional relativistic dynamics, we realized that we could extend
interpolating dynamics even to the curve space-time.

Interpolating Five-Dimensional Space-Time

Einstein Field Equation

1 8mG
Rap — ERgab —Agap = C_4Tab

» De Sitter and anti-de Sitter spaces are the maximally symmetric vacuum solutions of Einstein’s field equation with
positive and negative vacuum energy densities, respectively.



De Sitter Space (A>0)

Anti-de Sitter Space (A <0)

e can be visualized as the hyperboloid in flat five-dimensional space.

/4
50
)
Ji
e
o
« y% =1, Sinh (é)

+ y' =1,Cosh (=) Sin(p)Sin(8)Cos(¢p)
Sin(p)Sin(0)Sin(p)
Sin(p)Cos(0)

Cos(p)

« y?=1,Cosh
- y3=1Cosh

N /"N "N N
e B B

N— e e

« y*=1Cosh

t
ds;® = dt? — 1;*Cosh? <—) [dp? + Sin?p(dB? + Sin?0dg?)]

ly

Space-time invariant

ST -y —yi—yi -y =1 3

l,="De Sitter radius”

Two dimensions are suppressed in the figures.

2

constahtline |

« 2% = [,Cosh(X)Sin (é)

« 2! = 1,Sinh(X) Sin(0)Cos(p)
e z?2 = 1,Sinh(X)Sin(8)Sin(p)
« z3 =1,Sinh(X) Cos(0)

o 7% = l,Cosh(X)Cos (%)

Space-time invariant

22 —72— 72

- -3

[,="Anti de Sitter radius”

2
—z2+z2 =1,

ds,® = Cosh?XdT? — 1,*[dX? + Sinh?X(d6? + Sin?0dy?)]



De Sitter Group (50(4,1))

Matrix of operators De sitter space-time matrix

tensor
0 K' K? K* -—I° :
—K1 0 J3 —Jz 1! [l] —Ol g g g
R¥P=|-K* -J* 0o J* -I? =10 0 -1 0 0
-K* g2 —-Jv 0 I 0 0 0 -1 0
ro oo 0 0 0 0 0 -1
Infinitesimal operators mgp = 6 cyclic operators
of the group =m,, 4 hyperbolic operators
Lie-Algebra
[R&ﬁ; R",fé] — _Z‘_(nﬁﬁr'Rcré . n;ﬁ‘o RYY _ T?a",—Rﬁé + ncrcﬁ Rﬁ“)
De Sitter translation operators 0= B=n=5=01234

I = R,

[RPW. RP;\} :_E-_(nupR,u,)\ - _”u)\ RHP _ Trup}?u,\ 14 np,/\j?rzp)
R 1] =i(1)PT" — yfe1)

[F,u,_ FV} vy 7% p=v=A=p=20,1,2.3

. . . . . . 3
* Translation operators in five-dimensional spaces do not commute with each other.

Anti-de Sitter Group (50(3,2))

L Ten homogenous transformations

Anti-de sitter space-time
matrix tensor

Matrix of operators

0 K' K2 K3 —IIY

1 0 0 0 0

-K' o0 J3 —Jj* I 0 -1 0 0 0
J¥=|_-K*> —-J* 0o J* -II? g =10 0 -1 0 0O
-K* J* —-Jt o0 I 0O 0 0 —1 0

n ot m 1w o 0 0 0 0 1

mgp = 4 cyclic operators
6 hyperbolic operators

Lie-Algebra

(T8, T7°] = i(g77 T —gP0 T — g7 TP 4 g0 JFY)

Anti de Sitter translation operators
I =

[Jp:r/- Jp)\] :?—_(gupj,u)\ . gu)\J,u:p . g,upJVA 4+ g,u,/\']up)
7 T1P) =i(g" T — geTIY)

I, 11) = — i.Jm
L. Jaffe J. Math. Phys. 12, 882 (1971)

7



Interpolating de Sitter and anti-de Sitter space-time between IFD and LFD

 Interpolating de Sitter coordinates cosd 0 0 sind 0 * Interpolating anti-de Sitter coordinates
0O 10 0 0
@ _ ca,B Gi=|l 0 01 0 0 z% = G&zP
Y ﬁy sind 0 0 —coso 0 p
0 00 0 1
+ = sinh(t/ly) cos(8) + 1 cosh(t/l1) sin(p) cos(#) sin(d) 2+ =I5 cosh(y) sin(7T/l3) cos(d) + I3 sinh(y ) cos(#) sin(4)
y =l; cosh(t/l;) sin(p) sin(#) cos(o) zi =l sinh(y) sin(#) cos(o)
'Uz =y cosh(t/l1) sin(p) sin(f) sin(¢) 22—, sinh(y) sin(f) sin(¢)
~ =lisinh(t/l)sin(9) — Ly cosh(t/l) sin(p) cos(6) cos(d) 2" =l, cosh(y)sin(7'/l2) sin(d) — l2 sinh(y) cos(f) cos(d)
J =l1 cosh(t/l1) cos(p) ll — i z4 =I5 cosh(y) cos(T/13) l -3
A]_ 2 AZ
* Interpolating de Sitter space-time matrix tensor * Interpolating anti-de Sitter space-time matrix tensor
C o o0 S 0 C o 0 S 0
O =10 00 0 -1 0 0 0
=10 0 -1 0 0 |=ny aB |
af3 g =10 0 -1 0 0| = Jap
S 0 0 —C 0 s 0 —C 0 m
- A _ 12 1 &1 B (o]t ga— 7.2 7.2
ds? = -fr',ra.gn’-y“dy'j = (2dy*dy— — dy? — dy?) ds3 = gapdz"dzP = (2dz7dz" — dz] +dzj ]38




Interpolating De Sitter Group (5S0(4, 1))

Interpolating Anti-de Sitter Group (S0(3,2 ))

* Matrix of interpolating de Sitter operators

(0 Bl B —K% TP\ | B’ = eing 4 K2coss (0 E' B —K% —IT"\
5 5 . 1 3 1 1
P I 2 U A el S F' = K'sing — J? cos P N S
RGP _ Gcfl?'}'égg — | _p2 _3 o _fF2 _7°2 5 3 . 1 JU =GIIGs = | —E? —J* 0 —F? —II*
Y . . . F*=K"sind + .J cos? -3 i 5 Z
K3 F' F?2 0 -I'™ K> F* F= 0 -II

El = ?sind + K cosd

* Matrix of interpolating anti-de Sitter operators

\I'* It 12 - o0
I+ =T%cosd +IBsind, [~ =I0sind —[Bcosd
Lie-Algebra
[ROB RS) — j(yPT RS _ PO &Y _ ;a7 RBS | 6é pbY)
a=p=4=6=4+,1,2,2,4

Interpolating de Sitter translation operators I# = R

~

[R,ﬁ.ﬁ - Rﬁﬁ.} — (”ﬁﬁRﬁﬁ. o nf}iRﬁ.ﬁ. o ”JﬁﬁRﬁj\ + ”Jﬁi 1% ,ﬁ)
[R‘E“;. F‘a} :-,i(-rf:"al_'ﬁ' — -;r;‘ﬁ"al_'ﬁ)
TA. T7] =iRA

=
I
=
Il
=
I
S
I
>
=
]
|

\ 1+ 1m0 )

-

I+ =°coss + II3sin L7 =11%sind — T3 cos &

Lie-Algebra
[J&F J10) — j(gPYRYS — PO J&F _ ;&% 785 | (45 757
Interpolating anti-de Sitter translation operators s _ i
[J‘ﬂ'ﬁ, jﬁ}\] :r‘(gf)ﬁjﬁ)\ . gf).)ljﬁ.ﬁ . g,ﬁ.ﬁjf)}\ + g,ﬂ.)\jﬁ,ﬁ)

[J47 TIP] =i(g"P T — g#PTIY)
T4 117) = — i J"
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Contraction of Interpolating de Sitter and anti-de Sitter spaces into Interpolating Poincare

space (vector representation)

A _) O . . .
> Four-dimensional flat space time

*The curvature of five-dimensional space-

time is due to the vacuum energy density. (Eliminating curvature = I, — oo, [, — oo}

(ds2)1, 00 = (d53) 1300 = ds? = irm_f;d.;f:ﬁff;r:ﬁ = (2detdr™ — dz?)
Interpolating de Sitter translation Interpolating anti-de Sitter translation
a \B
~ . [
o o (em™), (gooy o ag (i), (govy
yla — GBO-’ e My y (G_l)£ yﬂ — Up y ,E
TN Gt
(y )ll—>oo - - -
' T 1000 a" Tt
1 0100 a' a! ,
. . “On the contraction of groups and
I.TIZ — 0010 ('Ll ."I.'2 their representation”
F;L 000 1 (L-: "I‘: By E. Inonu and E.P Wigner (1958)
1 0000 1 1

(PR, PY] =0

Interpolating Poincare translation 20



Interpolating de Sitter and anti-de Sitter operators in spinor representation

y® = iy®yly?y3

¥° = Time- like Hermitian matrix ~ y* = Space- like anti-Hermitian matrices

¥> = Hermitian matrix y* = —iy® = anti-Hermitian matrix

* Interpolating Gamma matrices in chiral basis

vt =4%0sd +43sind, Yt =41 42 =42, 477 =4Ysind — 43 cosd At =A%, 47 =47
De Sitter operators SO(4,1) cCo 0 s 0
. , : ) S A 0 -1 0 0 0
0 ,\ il g2 _EAS T+ 0 [,-}_.-i-‘,}.l] [AI;,__.+_,},2} [,.}__4—-.},,\_] [‘:f'+-’.:-"'4] na_ﬁ —lo o =1 o o =45
, —-Et 0 —Ft T S B A0 A L] LAY S 0 0 -C 0
RP=-p? -5 0 —F* I | =21 0% B2 00 BRyT] R 0000l
1{3 Fl F2 0 N e [AI,__.— —l—] h_.—_,}__l] h__—_,}__z] 0 [’3"_-'}'4]
&=p5=%41,272,4
Anti-de Sitter operators SO(3,2) c o 0 s o
- : . . poe i1 e (o -1 0 0 o0
OA £ E? _I‘AS —II" 0 X [".:-"'Jr-”r'l} [".:-"'Jr-”r'z} [".:-"'Jr-”r'h_] (v, g =10 0 -1 0 0 = 9ah
[ -Er 0 B R L Ryt 0 Y BT B S0 0 -CoO
JoP — | _p2 _J3 o _F? _JI2 :Z [’.:-"'2-'}'4_] [,?_.2_,?_1] 0 [,?_2_,},_—} [_},2_,}_5} 00 0 0 1
K*ptorr 0 AT O e N O I el Clifford algebra  {7*. 7"} = 2971
oI o R IO ICLRL I O B

* Interpolating operators in the spinor representation can be summarized as commutation among the G=3=412275
41

interpolating gamma matrices, and they all satisfy the corresponding Lie algebra.



Contracting de Sitter and anti-de Sitter spaces into Poincare space

Five-dimensional de Sitter coordinates
(A>0)

Group algebra S0(4,1) _
J(‘f
- ~ -~ /2
0 FE!' E? —K3 T+

~et 0 J* —F' _T! .

ROF_| g2 3 o _F? _2
K3 Fl p2 o _T-
'+ T 2 r— o

TF T7] =i R

Five-dimensional anti-de Sitter coordinates
(A <0)

Group algebra S0(3,2),

5/

o pl g2 g3 _q+ ©2
| -Et 0 g3 —pl I
J = _p2 3 0 —F? 112
K3 FL P2 o I
m+t I oo om0

Four-dimensional
Poincare space coordinates
Poincare group algebra 1S0(3,1)

) 4 v
46’2 Cf1

. . :
« Six homogenous operators Four inhomogeneous

operators
0 E' E* K3 :
- _Ei 0 73 _Fi P
MA? — ; ‘ ; P!
_E?2 —J3 0 —F? P2
K3 Fl F2 -
P
Lie algebra

-~

i(gPPMPAN — gPANIRP — gRPNPN 4 gRX N [PP)
i(g"P” — g Pl
0

WERYE
(PP, M

-

[P, PY]

4 II7] = — i Jr” [ Contraction process does not change the kinematic and dynamic characteristics of interpolating operators



Future Projects

» Scaled Interpolating Basis and Applications
» Implementation of the Relativistic QFT in Quantum Computing
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Scaled Interpolating Coordinates

The interpolating parameter space 0 < § < % can be covered by the unified scheme that introduces scaled interpolating coordinates.

e, =0= (

» Instant form perspective » Light-front form perspective
— H.r T Lﬁ.;r“

n cos d sin & I cos d+sin d

; 0 10 0 xt ! 0 10 0 !
I L

=l 0o 01 0 || 2 0 01 0 2
12 '

h sinléi 00 cos:' ;-3_-3 Z 0 00 CD&.(’} :-.111.1'} \.'1'.-'_)

AR AN SO =

) 1 cosd+sind 1 ( xT N T~ )
0 s A T = T = o
.1.@ _ T coso —|—(C.r.. sin & - - C \/5 C C o 2uta = 2utae
= (@)= - cosd —sind _ 1 sa™ r

-  x%cosd — x3sind

VT VC v VC ) :\/E(\/‘I_? \/Eﬁ) a4




Scaled Interpolating Coordinates

Instant-Form Scaled Interpolating Basis Light-Front Scaled Interpolating Basis
XD
4.
XO
2.
~ 2_
— Tom
_ x7 , L3
L 4 _2 2 4 X
-2 -1 2 X — X
- 0Y2_(x3)2 = 1
"= J—r_cnsé—l—siné 4
- — (92-(¥)?2=-1 2 — 1T JC
-1t _
- — cosé—sinc?x_
VT
. 4l
2t
0,2 32 rat\2 T \2 - 4+ - a.x =
(x ) — (x )< = (ﬁ) — (ﬁ) Reduction in degrees of freedom. 207 xT =2x " a .



Scaled Interpolating Operators

Scaled Interpolating Instant Form Poincaré

Operators

1 52 -
( 0 % I’JF K 3\
_E. o I
N
7 e 5 5
I ]3 0 5
C vC
. ~1 ~2
=K _% - K.ﬂ 0

Scaled Interpolating Light-Front Poincaré Operators

0 El(cosd+sind) E?(cosd+sind)
( VT C
o E! (cos d+sin d) 0 ;.rg
VT "
VT _
M o _Ez[cosé—i—siné} _73 0
VT "
K3 Fl(cosd—sind) F?(cosd—sind)
vC C

time-variant expression.

operators

* Reduction of degrees of freedom = Elimination of dynamical operators

e All the remaining operators are kinematic operators.

* Since kinematic operators leave the time-invariant, their usage is
beneficial in describing the characteristics of the motion with a simpler

 The same observation applies to the scaled interpolating five-dimensional

E' = J%siné + K! cos d.
E? = K%cos & — J!'siné.
F!' = K'siné — J? cosd,

F2 = K%siné + J' cos &,

— K3

F!(cosd—siné)

mr
L

F? (cos d—sin d)

mr
L

K! = =K'siné — J? cosd,
K% = J'cos 6 — K% sin 6.

pi
D2

— —K'cos & + J?sind,

= —J'siné — K2 cos é.
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Possible Applications in Future Developments

O In the interpolating parameter space between 0 < 6 < % (Space-like region)

* Scaled interpolating instant form operators satisfy exact lie algebra of standard Poincare operators

* Number of kinematic and dynamic operators are equal, and they are foam invariant

* We can correspond scaled interpolating space to the Euclidean space.

* To make the correspondence which depend on the interpolation angle we need the extend the wick rotation

Minkowski space-time = Euclidean Space-time (6 — 0)

0 pt T

'I_
= /&= — vt =
V€ 7 V€ TV

Space-Time interval in the scaled interpolating Euclidean Space

9 = 70 —irp

- 2 . 2
. : ! _|— : T
sp= @02+ @)+ (@) + (@) = =] +E@)+ @)+ | =

VC VC

* Large-Momentum Effective Theory ( or LaMET ) advocates a direct approach to simulate Parton Physics in Euclidean lattice QCD
theory.
* We may propose simulating Parton Physics in Euclidean lattice QCD theory using low momentum corporates with interpolation

angle.
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Future Project: Implementation of the Relativistic QFT in Quantum Computing

» Theoretical Foundation

Scalar particle decays into a fermion and an anti-fermion.
= Lagrangian density,

L=20,00'0—35m 507+ (i) — my) ¥ — g o,

= Hamiltonian density,
H=356>+3 (Vo) +5m3 " — ittt a-Vo+miy + goiy.

= | attice formulation makes QFT finite and discrete.

= The lattice version of QFT is the bridge between continuum field theory and a quantum circuit
implementable on hardware.
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Theoretical Foundation : Implementation of the Relativistic QFT in Quantum Computing

= Normalized lattice Hamiltonian,

~2

T 1 ~ eI 0iXn+i — Xn—i 0 G b ¥
H = Z 7?] * @ Z(On—kg - C.Dn) + 5?%/ o XII Z v ﬁft — 2a — +m XI?,FF Xn 1 g @n XnXn
n i v

= Light-front Hamiltonian,

(P — P%)
—

= Total longitudinal momentum in the normalized discrete form,

P =

1 - ~ ~ X, 15— X.,_5
3 _ 4 . N E : T An+3 n—23
Pe = 2a Tn ((D n-+3 @ ?1—3) L . Xn 2 '

mn

= LF QFT is highly appealing as the starting point for quantum simulation since LF facilitate lower qubit counts.

* Kreshchuk, M., Jia, S., Kirby, W. M., Goldstein, G., Vary, J. P., & Love, P. J. Simulating hadronic physics on noisy intermediate-scale quantum devices using basis light-front quantization.
Physical Review A, 103(6), 062601 (2021).

* M. Kreshchuk, W. M. Kirby, G. Goldstein, H. Beau-chemin, and P. J. Love, Quantum simulation of quantum field theory in the light-front formulation, Phys. Rev. A105, 032418 (2022).

* W. Qian, R. Basili, S. Pal, G. Luecke, and J. P. Vary, Solving hadron structures using the basis light-front quantization approach on quantum computers, Phys.Rev. Res. 4, 04319242022).



Summary and Conclusion

O Even though quantum orientation entanglement of the helicity states in the light-front form dynamics is highly nontrivial as the
transverse rotations in LFD become dynamical, we obtained it using the transverse light-front boost, which is kinematical in LFD.

L We present a unique relationship for the spin orientation changes with the particle's momentum direction between IFD and LFD for spin-
1/2 and spin-1 spinors, as well as polarization vectors.

U To analyze the quantum orientation entanglement, we introduce a novel method of expanding the interpolating helicity states in terms of
the Jacob—Wick helicity.

L The corresponding probabilistic coefficients follow the structure of the Wigner d matrix elements, which we use for the interpretation of
the quantum orientation entanglement manifested in the angular distributions of the interpolating scattering helicity amplitudes

D)

* Quantum correlation between the orientation entanglement and the interpolating Lorentz boost of the helicity states manifests itself as
discrete boundaries in the landscape of frame-dependent interpolating helicity amplitudes

Quantum correlation boundaries approach to the LF zero-mode in the limit of § — % in the interpolating formulation.

*0

K/
0’0

/
0’0

We demonstrate that the symmetric helicity “0” state of a vector particle exhibits quantum correlations distinct from those of the
orthogonal antisymmetric helicity “0” state of a scalar particle.
» Time-ordered helicity amplitudes clarify the general misnomer of the equivalence between the infinite momentum frame of IFD and LFD.

*

D)

L)

» The Interpolating dynamic method can be applied to the five-dimensional spaces despite the curvature of their space-time.

» After establishing interpolating group algebra, we confirm interpolating de Sitter and anti-de Sitter groups can be contracted into
interpolating Poincaré group in the limit of vacuum energy densities of their spaces go to zero, making the curvature of the spaces vanish.

» Even though the contraction process does not change the kinematic and dynamic characteristics of interpolating operators, it does reduce
the number of homogeneous operators
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Lagrangian

1 1
L = D,b(D*)" —m LrLrJf——Fm,.F e Em,qﬁl A+

DF = oF + e AF

Frv = grAv — gv A+

Interpolating polarization vector

| PP-—iP,P PP~ + PP
ea(P,+) = - S|P, |.— o DT TR ey,
V2P P, Py
| PP+ iP,P P,P-—1iPP
ea(P.—) = (S\PL\ LRl L Lty .—E\PL\).
V2P Py | P
Pt MZ
(P - > . > p. P,
E#UO) MU—D(}—F P_.'._flfgf_)

e The interpolating transverse polarization vectors respect the guage condition AT =0 and J-+d,-AC=0
which links the Coulomb gauge V - A = 0 in IFD and light-front guage A™ = 0 in the LFD.

e The real photon’s helicity A takes only + or — ,but not 0 as M — 0 limit, €;(F,0) doesn’t exist
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Interpolating Helicity Amplitudes

Example:

M, H'y _1(p%)

M+ =M+ M4 M

MIT =2(Hy,(p")Hy(p")),

M** =2(HL, (p")HL, 1 (p")),




Contracting de Sitter and anti-de Sitter spaces into Poincare space (vector representation)

*The curvature of five-dimensional space- A—-0

. . s Four-dimensional flat space time
time is due to the vacuum energy density.

(Eliminating curvature = [; = o, [, = )

. ak
. . . . akl . . . L)uvy- O
TranS|at|On Operator IN de S|tter l" . el IJI'LVH FV Transla'“on Operator N antl_ H =e Hn lz
space-time de Sitter space-time
/y’o\ /(.1.2 — (ao)2w1 {I.Oal\'.dl (:.Oale a.oaswl (_I.('LD'W'Q \ /yo\ z’o\ ({1.2 — ((_50)2(,(,‘3 {1.0(;1;;,_,'3 (_1.0(12(,(,'3 (}.Oagwﬁ (1.(¢Dw4 \ /zo\
y't —aalw; @+ (at)?w ala’w; aladwy aatws y! ' —aatws  a? + (at)?ws ala®ws atadws aatuwy z!
vl 1 —a%a’w; ala?w; a? + (a?)%w; a?adwq aa’ws 12 221 —a%a?ws ata?ws a® + (a?)%ws a?aPws aa?w, 22
 a? 42
y'3 —a%a3w aladw; a?adw, a?+ (a®)?w;  aadwy 3 23 —a%aBws atalws a2adws a® + (a®)?w3  aadwy 23
' aa®w, —aalws —aa?w, —aatws  a?(1—wq) \y4) \2’4) —aa%wy aa'wy aa’wy aa3wy a?(1 — ws) \z‘l)
(44 al “On the contraction of groups and
Z
(y )ll—>00 ( )12_’oo their representation”
] By E. Inonu and E.P Wigner (1958)
"0 1000 a% /a°
't 0100a] [t
21 =10010 a? 2
Translation in the Poincare space '3 0001 a 23
1 0000 1 1 55



De Sitter and anti-de Sitter operators in spinor representation

e Gamma matrices in chiral basis
0 1/ . 0 —¢'
0_ i 5
! (10)"]’ <afo) !

O De Sitter Group, S0(4,1)

y* = —iy® = anti-Hermitian matrix
Matrix of operators
0 K' K? K® -I° 0
—_Kl 0 JS _!]2 —Fl . ,.}__1,},0
ReB — K2 _J3 Jr 12| = L ,.}_,2,}.0
—I{S *]2 _Jl 0 _FS 2 ,}__3,},0
FO I‘l 1—\2 1—\3 0 "‘.,-'4";0

Clifford algebra

{re.vP} =201

B _

S
|
oo oo

a,f =01,23,4

(

I 0
0 -1

)

¥? = Time- like Hermitian matrix

y' = Space- like anti-Hermitian matrices

W.A. Hepner. ILNUOVO CIMENTO VOL XXVI,N.2 (1962)

yS = iy®yly2y3

O Anti-de Sitter Group, S0(3,2)

¥° = Hermitian matrix

Matrix of operators

0 K! K2 K3 —II°
~K' 0 J3 —J2 I
JP = | K2 _J3% 0 J' _II?
~K3 g2 —J' 0 I
m m mnz m o

» Satisfy corresponding Lie algebra

oo oo

Clifford algebra
revP} =291

a,f =01235

bo | ==

0 ~01 0. ~ 0.5
FY FY FY 'Y
~1.0 0 ~1.2 1.3 1.5
F Y Yy F Y Iy
~2.0 2.1 0 ~2.3 2.5
FY FY 1 Y
~3.0 3.1 3.2 ~3.5
FY FY FoY Y
~5.0 5.1 5.2 5.3 0
rY FY FoY FY
1 0 0 0 0
0 —1 0 0 O
gaﬁ =10 0 —1 0 0
0 0 0 —1 0
0 0 0 0 1
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Contracting de Sitter and anti-de Sitter spaces into Poincare space (matrix representation)

 De Sitter Space-time

Y=Y

Det[y] = (I)*

Coordinates

Space-time invariant

Translation operator in de sitter
space-time

Translated coordinates

y' =Ly
¥,

Translated coordinates in Poincare space-time

1 0
0 1
D — 23 4+a - —al+ir? —al +ia?
—xl —ir? —al —ia® 2"+ 23 +ad+ a3

Y + 3 -+ aV -+ as z!

O Anti-de Sitter Space-time

a

* Coordinates zZ=2z%,
* Space-time invariant Det[z] = (1,)*
* Translation operator in anti-de o= el Duvy,

sitter space-time

 Translated coordinates

ZI

=nzno '

(Z—’)lz—mo

—ix2 4+ al —ia?

y' + iy? y? —

a%

57
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Contracting de Sitter and anti-de Sitter spaces into Poincare space

Five-dimensional de Sitter coordinates

(A>0) Four-dimensional
Group algebra S0(4,1) (% Poincare space coordinates
0 K' K? K3 I Poincare group algebra 1S0(3,1)
~K' o0 J3 —J2 It —
R¥=|-K* —-J* 0o J' -I?
~K3 gz —J' 0 I3 4y
]_"O Fl ]_'12 1’*3 0 4C,Y2 Cfl
T V) =i R * Six homogenous operators Four inhomogeneous
R Bl operators
| 0 K' K? K3 po
~ M — _Kl 0 ]3 _]2 Pl
—K2 —J3 0 Jt p?
Five-dimensional anti-de Sitter coordinates —K3 J2 -t 0 p3
(A <0)
Group algebra S0(3,2) 5y _
Lie algebra
o, KRS KTy — (MM MP] =i(g"P MF — " MFP — ghP MY> 4 g MPP)
al _ | w2 73 1 172 N ._ . ! !
A SR MR, PP] =i(g" P* — 7 ")
m o om0 [P*, P"] =0

L[H'U.Huj _ :_I-_Jr,ur/ ) =V = A= P = 0.1.2.3 58




Scaled Interpolating Coordinates

Complete Space-time invariant

- F 2 -\ 2
§2 = aehx, = axhr, = ($+) — (z1)? — (22)% - (f/—%) =22t~ — (21)? — (2%)? =22t~ — (21)? — (22)?

S

e Space-time matrix tensor in scaled interpolating dynamic

1 0 0 0
N = 0 -1 0 0  Even though g" is equal to the Makowski space-time matrix, this
N 0 0 —1 0 space-time matrix valid for any &

0o 0 0 -1

* Space-time matrix tensor in new scaled light-front interpolating dynamic

|
[ s [ Y
|
[
e
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Scaled Interpolating Operators

O Infinitesimal transformation matrices of scaled interpolating operators in the scaled interpolating basis
coincide with the Infinitesimal transformation operators of rotation and boost operators in the standard basis

£l Kt

H. ' .H_IZI{I H. _H_]':—JQ . [‘]"J.-OO , 0020 000 1
VT vC E' _fiooo| E* o000 . f0000
JC loooo|l v |i000 " loooo
= e 0000 0000 i 000
H - H'=K? H—H1=J!
VvC VC
000 O ,\ 000 0 00 0 0
Kt 000 —; K2 000 0O 00 —i 0
-3 rr—1 _ -3 3 77—1 73 S — = . J3 =
H.KH K HJH™ = vC looo o JC looo = T 1oi 0 0
0:0 0 00 i 0 00 0 0

* Even though scaled interpolating operators seems to depend on the interpolation angle , infinitesimal

transformation matrices do not depend on the interpolation angle
Poincare Matrix

1 -2 -3

 Satisfy same Lie algebra Orl h Bg A 2
;\I,Lw L —K 0 J —.J

S B Y Y | B o

NV APAT —i( VP MHA — JVANTHP _ 1P VA AN TUP
[MHY MPY =i(g"P M g" M gHP MY ™ + gh* MYP) I T R



Scaled Interpolating Operators

Translation operators

Infinitesimal translation operators in scaled interpolating basis

' at T
(=2 (1000 22\ [22) e
A A : gl g1 — po H.P2H ! = p2
x 0100 af ! VC
21 =1o010 af 2 P i _ ps
L H.P H' = p HosH =P
= 0001 ||

Table 01: Kinematic and dynamic generators in scaled interpolating basis

Kinematic Dynamic
P- -
5 =0 A= =T P PP =P L =KL K2 K% L= PO
_ KUoK2 13 p1op2 P Bl E? ;-3 pt

61



LFD and Large Momentum Frame in the IFD

* Decomposition of the covariant scalar propagator 14l o
exactly at the LF 12f
10¢
o 08 — M ""
: ++ — pt+t 8}
EX- Mt - Mt,a + Mt’b 06k R Mf_b++
%/_/ 04f
“Forward” and “Backward “ helicity o2 .
amplitudes o5 10 75 20 25 30 o(rad)
M++
t,a M;,_l;i_
1ot —_LF
10} — 0=0.78, P*=0
08} — 0=0.78, P*=5
061 — 0=0.78, P*=10
0af — 06=0.78, P*=15
D.Ef‘ — f5=0, PZ=15
Blrad) g0 T 2025 5o olad)




Light-front Scaled Interpolating Operators

O Infinitesimal transformation matrix of scaled light-front interpolating operators in the scaled light-front
interpolating basis

0000 0000 : 00 0

ol E'(cosd+sind)  [i 00 0 EQ_EQ(CO.sﬁ—I—Sinﬁ) _ (0000} ,3_,a_[0000
VC 0000} VC 00 0] 000 0

047 00 0070 000 —i

04700 00770 00 0 0

ol F1(cosd — sin §) {000 4 22 F?(cosd — sin §) (0000 73 00 —20
N VC ~100o00)° N VC {000 ¢ T i 00
0000 0000 00 0 0

* Light —front scaled interpolating operators seems to depend on the interpolation angle, but infinitesimal
transformation matrices do not depend on the interpolation angle

11 .__{3
(o El E? I\

O Satisfy same light-front Lie algebra

MF? = 5 :

- ) .



Light-front Scaled Interpolating Operators

Table 01: Kinematic and dynamic generators in scaled interpolating Light font basis

Kinematic Dynamic
§=0 FEl=F'E2=F2 K3 J3, P! P2 pt=p+ Fl=Fl p2=F2 p- = p-
0<4d<m/4 El B2 K3 J3 Pl p? p+ F1 F2 p-

O In the interpolating parameter space between 0 < § < %

Scaling light-front won’t change the number of kinematic generators and dynamic generators in the
light-front.

Even though basis and operators depend on the interpolation angle matrices are independent on
interpolation angle, and they are form-invariant with the light-front form

Remark

In original interpolation formalism, § = 0 symbolizes the IFDand 0 < § < % is the space-like region. Here we look at

the same region from the perspective of light-front . When we do so ,the light-front coordinate appears to be scaled

and d becomes scaling parameter. 64



5-dimensional Scale interpolating Anti-de Sitter space-time S0(3,2)

Scaled interpolating operators Light-front scaled interpolating operators
E' E? g3 _nt - i .
[0 v e & «/E\ ( 0 FE' E? —K?3 —H+\
. 1 . —EY o0 g3 —F! 11t
~-L£_ 0 J3 1! ap 3 3 2 2
C VC JT = —-FE+ —J° 0 —F* —II

. K3 FL F2 (o —II-
\mt ™ m m o0 )

_ K3 Kkt k2 0o - Satisfy Anti-de sitter light-front lie algebra
b VC C VC
2 _ 2 AT2 _ J2[ X2 4 Cinh2 2 1 Cin20dm2
ot i e - 0 dss” = Cosh“XdT* — [*[dX* + Sinh“X(d0“ + Sin“60d¢p*)]
\ / ds,* = dT? — [dr? + r?(d6? + Sin%0d¢?)]

Satisfy Anti-de sitter standard lie algebra

* Ten homogenous operators °Cs
* When vacuum energy density becomes zero
e Reduction in umber of degrees of freedom.
* Operators — 6 homogenous operators + 4 inhomogeneous operators 1SO (3,1)

) 4
4Cf2 C*1
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Theoretical Foundation

Scalar particle decays into a fermion and an anti-fermion

B Z /d3kd3pd3 1
— Y (2m)6 /2B 2B, 2k,

¢ — U+

2 E+
p {a.;c» b bg u " (@)u () 6 (k + 5 — )
1
. p ag bﬂcﬁ a"(q)v ()0(3)( —pP—q)
az c5bs o7 (Pus(p) 6O (k+ 7+ Q)
az g.-c; o™ (v () 6 (k + 7 - p)
3 _
P e

_ 3 - =
s at (q)us(5) 0 (—k + - §)
al bycgf a" (v (p) 6P (=k — - q)
al. czbs o (u () 6P (=k + F+ @)
~c (@0 (@) 6P (—F+7- D)}

+++++++
Q
Q.:S
GE

Feynman digram

67



Decay Amplitude

Consider the relativistically normalized initial and final states for the scalar
particle decays into a fermion and an anti-fermion

; T
1) = y/2E50.[0)
|

f) = /AEgEzbLct|0)

*p d3q d>k 1 > .
Haecay = 5@k — 7 —p) az b2 ETam (@) v ().
decay QZ/ (21)6  \/2E;2E,2F; (k—q—p) ag bz cz u"(q) v*(p)

MA22 = g.a(p?, A\)v(p?, Aa).

“gumodes” (short for qguantum modes) are the basic units of information in continuous-variable (CV)
guantum computing, analogous to qubits in standard (discrete-variable) quantum computing.
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Lattice formulation makes QFT finite and discrete

= Continuum field theories have infinitely many degrees of freedom.
= The lattice discretization replaces space(-time) by a finite grid, turning the field into a
finite set of variables (one per site).

This makes it possible to:

= Store the field values in a finite number of qubits
= Represent the Hamiltonian as a finite matrix acting on this quantum register.

The lattice version of QFT is the bridge between continuum field theory and a quantum circuit implementable on
hardware.
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Lattice formulation makes QFT finite and discrete

In quantum algorithms for simulating a Hamiltonian H = Zj H ;, we use Trotterization
to approximate:

n

U(t) = e = H e Hift ) where At =t/n

J
Each exponential e “HiAt hecomes a quantum gate sequence that acts on a small

number of qubits.

70



Quantum circuit in progress
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By Efekan Kokcu
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